THE MONOTONICITY TRICK AND APPLICATIONS

MICHAEL STRUWE

ABSTRACT. An abstract version of the author’s “monotonicity trick” is given.
Several applications of this and similar versions of the trick are presented.

1. THE ABSTRACT RESULT
Recall Rademacher’s theorem from the theory of measurable functions.

Theorem 1.1. Let f:]0,1] —]0,00[ be non-increasing. Then f is almost every-
where differentiable with

- MﬂmwzfﬂﬂMWSﬂmwﬂm>

pa 1
for almost every 0 < 1 < po < 1.

From this we deduce a first version of the “monotonicity trick”.

Theorem 1.2. In addition to the hypothesis in Theorem assume that there
holds f < g for some non-increasing g € C1(]0,1] with g(u) — oo as p . 0. Then
there is pug 4 0 (k — o0) with

—f" () = 1 ()] < 219" (pare)
Proof. Else there is pg > 0 with

=f(w) =1 (W] > 2lg' ()] = —2¢'(n), forae 0<p<po,
and for almost every sufficiently small 0 < p; < pg < 1 it follows that

fQu1) = f(pa) — f(uo) + f(po)

> Mf@MH%W@Zﬁ/Mﬂmw+ﬂm)

= _29/(/1’16); k € N.

11 1
= 2g(p1) — (29(p0) — f (o)) > g(p),
since g(p1) — (29(po) — f(,uo)> T oo as 1 4 0. Contradiction! O

Example 1.3. Let f(y) = inf,enm Ey(u), where
1
E,(u) = F(u) + ;Fl(u), u e M,

and suppose for every 0 < p < 1 there is u, € M such that
f(p) = Ep(uy) <1+ log(1/p) =: g(p).
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Then Theorem |1.1] yields g | 0 (k — oo) with
2
(1.1) — () = 1f ()| < 219" ()| = o ke

Claim 1.4. Inequality (1.1]) implies the bound
Fy(up) /i < C, k€N
Proof. Fix k € N. Then with error o(1) — 0 as p | px there holds

2 - E - F
= ) = fQu) — f(p) +o(l) = o (U, ) w(up) +o(1)
Mk H— Mk W=
By () = Bu(ty,) i Fi(uy,)
Z M\l K\ "HE +o 1) = MKk Jd Fi(u +o0 1) — M ,
e (1) = 2R () +0(1) = =
and our claim follows. O

A variation of the preceding example is the following result, obtained by substi-
tuting the function g in the above Example with the function

g(p) = loglog(1/p),0 < pu < 1.
Example 1.5. Let f(u) = infyecar E,(u), where

E,(u) = F(u)+ %Fl(u), u € M,

as above, and suppose for every 0 < p <1 there is u, € M such that

f(“) = Eu(uu) <C
with a uniform constant C' > 0. Then Theorem yields ug | 0 (kE — oo) with

Mk
(1.2) Fim) < bt ke,

Other variations are obtained, for instance, by replacing p | 0 with R = 1/ 1 0.

The “monotonicity trick” was conceived in the papers [I§], [19]. It has found
surprising applications not only in this author’s work but also in the work of numer-
ous other scientists, including Ding Wei-Yue, Louis Jeanjean, Jiirgen Jost, Andrea
Malchiodi, Tristan Riviere, and John Toland, who have also introduced further
variants and refinements of the argument; see for instance the papers [7], [9], [10],
[13], or [I7].

In this short course we will focus on the following applications. First, we discuss
the analysis of Ginzburg-Landau vortices in 2 space dimensions, following [21];
indeed, the situation encountered in [21] is exactly the situation in our model case
in Example [T.3] above.

Then we show the existence of multivortex solutions in Chern-Simons gauge
theory, following [24].

Surprisingly, the method also may be used to show the existence of steady vortex
rings in an ideal fluid, following [1].

Finally, we demonstrate how the “monotonicity trick” allows to bound the total
absolute curvature of conformal metrics of prescribed Gauss curvature of varying
sign on surfaces of higher genus, following [4].

A further, quite unexpected, application of the trick gives an optimal result for
the existence of periodic solutions of Hamiltonian systems on closed energy surfaces,
following [20]. However, it will not be possible to discuss this here.



THE MONOTONICITY TRICK 3

2. GINZBURG-LANDAU VORTICES

The Ginzburg-Landau functional originated in the theory of superconductivity.
As a model case we consider the unit disc B = B;(0;R?) as domain. The following
results, however, remain valid when instead of B we consider an arbitrary bounded
and simply connected region 2 C R? with smooth boundary 09 = S, or even for
a multiply connected domain.

For given smooth data g: 0B = S* — S! of degree d € N and any 0 < ¢ < 1
consider minimizers u. of the Ginzburg-Landau energy

1

(2.1) Eu(u) = %/B Vuldr+ o5 [ (= e
subject to the boundary condition
(2.2) u|aB:gon 0B.

Let

H}(B) = {u € H'(B;RR?); u satisfies (2.2)}.

g

Existence of minimizers u. € HJ(B) of E. follows from standard methods. More-

over, for any 0 < ¢ < 1 the minimizer u, is a smooth solution of the Euler-Lagrange

equation

(2.3) —e?Au. = u(1 — |uc|?) in B

and thus satisfies |u.| < 1 in B by the maximum principle, applied to the equation
—e? Aluc|* 4 2|Vu|? = 2Juc|*(1 — |uc|?) in B

obtained from by multiplying with 2u,..

In their seminal work [2], [3] on this problem, Bethuel-Brezis-Helein showed
convergence u. — U, away from finitely many points to a “harmonic map” u,: B —
S “with defects” as ¢ — 0 suitably. A key analytic ingredient is the following
energy bound.

Lemma 2.1. For any smooth g as above there holds

Be) = inf | Ee(u) < C(1+log(1/2))

Proof. Let ¢ € C°(B) satisfy 0 < ¢ <1, ¢ = 1 on By/5(0), and for R > 0 let
vr(z) = p(x/R) € C(BRr(0)). Choose as comparison function the map u given
by

u(z) = g(z/|z])(1 — pe(x)), for z € B\ {0}, u(0)=0.
Compute

V()| < |i|<1 — ge(@)) + CIVee(@)]:

hence
/ \Vu|?dz < 0/ || 2dx + c/ V. |2dx < Clog(1/e) + C.
B B\B./2(0) B
Moreover, we have |u(z)| =1 for |z| > ¢, so
(2.4) / (1 —|u*)?dx < / da < me?.
B B.(0)

The claim follows. O
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Remark 2.2. It is immediate from the definition of E. that the map ¢ — S(¢) is
non-increasing.

Another corner stone in the analysis of the convergence u. — u, is a uniform
bound for the potential energy

1
Fo(u) = @/B(l ~ Jue?)2de.

In their work [2], [3] Bethuel-Brezis-Helein only succeeded in proving this bound on
a convex domain, where a Pohozaev-type identity is available. In conjunction with
Theorem however, from Lemma [2.1| we immediately obtain this bound on an
arbitrary domain for the minimizers u., associated with a suitable sequence ¢, | 0.
The following result was obtained in [21].

Theorem 2.3. There is C > 0 and a sequence e } 0 (k — 00) with
(2.5) Fe(u:) <C.

3. MULTIVORTEX SOLUTIONS IN CHERN-SIMONS GAUGE THEORY

Condensate (or multivortex) solutions in (2+41)-dimensional Chern-Simons gauge
theory are believed to be relevant in several aspects of theoretical physics. By work
of Taubes [26], a particular class of such solutions subject to ’t Hooft periodic
boundary conditions can be obtained by solving an elliptic equation of Liouville-
type on the 2-dimensional torus.

More precisely, let Q = R?/Z? be the flat torus with fundamental cell domain

[—2,4] x [-3, 4] C R?. For a given number A > 0 consider the problem
eu

i1 A E ) ma

(3.1) u ovds on

or, equivalently, solutions of (3.1) on IR? of period 1 in each variable. Note that
u = 0 always is a solution of (3.1)) for any A € R. Here we seek nontrivial solutions.
Also note that for any solution u of , any ¢ € R, the function u + ¢ again is a
solution of (3.1). Thus we may normalize solutions by requiring [, udz = 0.

The problem is variational. Let

H={uec H (Q); / wdz = 0};
Q
solutions of equation (3.1) then correspond to critical points u € H of the functional

Ey(u) = %/Q|Vu|2dx —-A log(/Q e'dx), u € H,

which is well-defined and smooth on H thanks to the Trudinger-Moser inequality

u2
(3.2) sup / e T de < 00;
weH JQ
see for instance [6] or [I4].

When the vortex number N = 1, in [25] it is shown that the asymptotic behavior
of the Taubes-type condensate solutions when the Chern-Simons coupling constant
tends to zero can be described in terms of solutions of with A = 4x. In fact,
in this case, and more generally for any 0 < A < 8, with the help of the Trudinger-
Moser inequality one can show that, E is bounded from below, coercive, and weakly
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lower-semicontinuous on H; thus E) achieves its infimum 3(\), corresponding to a
solution u of , which, however, might be the trivial solution u = 0.

For condensate solutions with vortex number N > 2, on the other hand, it is
necessary to insure the existence of non-trivial solutions of for A > 8x. In joint
work [24] with Tarantello, we achieve this when X is in the range 87 < X < 472.

Theorem 3.1. For every \ €]8m, 4w | there exists a solution uy of (3.1) satisfying
Ey(uy) > (1 — ﬁ)co for some constant cy > 0 independant of \.

Remark 3.2. By Jensen’s inequality we have fQ etdr > elowdr =1 for all u € H;
hence, the map A — E)\(u) is non-increasing for any u € H.

We will use Remark and a variant of the monotonicity trick to show the
assertion made in Theor for almost every \ €]8m,47w2[. A compactness result
based on estimates by Brezis-Merle [5] and Li-Shafrir [I2] then yields the complete
result.

For convenience we denote

[ IVoldo = ol ve B

Q

3.1. Existence of solutions for almost every \ €]|8m,47?[. In a first step we
show that E exhibits a “mountain pass” structure for 87 < A < 4x2.

Lemma 3.3. If A < 472, then u = 0 is a strict local minimum of E.

Proof. The functional E) is smooth. Thus we may use the fact that

/|V1}|2dx24ﬂ'2/1)2da:
Q Q

for any v € H to show that the second variation of E\ at u = 0 in any direction
v € H can be estimated

(3.3) 2 E (0) (v, v) :/ Vol2dz — /\/ e > (1— 2|l
Q Q 47T

Lemma 3.4. For any \ > 8w there exists ug € H such that
EA(UO) <0 and HU'O”H > 1.
Hence also for any p > X we have E,(ug) < Ex(ug) < 0.

Proof. With g defined as in the proof of Lemma for e > 0 and x € 2 let

ve(z) = log (m)%m(ﬂ?%

extended periodically, and let u. = v. — v, where v, = fQ vedx. Then u. € H with

16]z|?
|Vu|* = 4|V log(e® + |z*)|* = (€2+|Z|2)2 for |z| < 1/4, |[Vu.|* <C else.
Substituting y = z/e and introducing polar coordinates around 0, with error

|O(1)] < C for 0 < £ < 1 we obtain

5 1) 3y
el = 327r/0 T + 1) = 32rlog(1/2) + O(1).
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On the other hand, we have

log (/ e"=dz) = log (/ e’ dz) — .
Q Q

where

e2dx @) gy
e”fdx:/ 7+01:2W/ 5 T O0(1) =0(1),
/Q B1/4(0) (€2 + |z[?)? o 0 (14 r2)2 (1) (1)

while

2
Ve = /stdm = /Qlog (m)g@l/g(m)dm‘
= 2loge — 2/Qlog(62 + |2|*)¢1 j2(z)dz = 2loge + O(1).
Thus, we obtain the estimate
Pa(u) = llulfy = Mog ([ ) = (167~ 2)log(1/¢) + (1),
and for sufficiently small £g > 0 we obtain uy = u., as desired. [l

Fix some \ €]87,47%[ and let ug € H as determined in Lemma Define
P ={~:[0,1] — H; v is continuous, v(0) = 0, (1) = up}

and for p > A let

¢ = Inf nax E.(y(1)).

In view of Remark the map 1+ — ¢, is monotone decreasing for 1 > A, hence
differentiable at almost all values u €]\, 472[.
In addition, by (3.3)), there exists a constant ¢y > 0 (independent of A) such that

_*
472

Theorem [B.1] thus follows from the next result.

Cy > (1 )co.

Proposition 3.5. Suppose the map p — ¢, is differentiable at p > A. Then c,
defines a critical value of E,. In particular, problem (3.1) admits a nontrivial
solution for almost every u €]8m, 4m2|.

To set up the proof of this key proposition, let p be a point of differentiability
of ¢,. Consider a monotonically decreasing sequence p,, | pt as n — 0o. For n € N
and any path v, € P such that

(3.4) trél[gﬁ] Eu(m(t) < e+ (pn — )

consider any point u = 7, (t,) such that
By, (u) > cu, = 2(pn — p).-
Then, letting o = —c, + 3, C1 = 2(c,, + 1 + p(a + 1), and choosing ng € N
sufficiently large, for n > ng we have
cp — alptn — 1) < ¢, = 2(pn — ) < Ep,, (v) < Ey(u)

< < — ).
> org%xl E,(va(t)) < cp+ (pn — 1)

(3.5)
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Note that ng is independant of the choice of ~,,. In particular, (3.5) implies that

E -FE
OSMZIQg(/eud$>Sa+1
Hn — p Q

and hence that
lull% = 2B, (u) + 2plog ( / e dz)
Q

<2¢, +2(pn — p) +2p(a+1) < G4

(3.6)

for any such point u = v, (¢,), any n > ng.
To proceed, we need the following estimates.

Lemma 3.6. i) For any u,v € H, any pn > 0 there holds
1
Eyu(u+v) < Eu(u) + (dBu(u),0) + 5ol
ii) For any C1 > 0 there exists a constant C such that for any p,v € R there holds
[dEy(u) = dE, (u)|[n- < Clp—vl,

uniformly in w € H with ||u||% < C;.
Proof. 1) Expanding to second order, we find

1

Ep(utv) = Eu(u) = (dBu(u),0) = Sloll7 =

Joe tvde

— fQ e'vdz _ ! . dgf " " /
——,u(log( Jo etda )~ Jo evdx ) __M/O /0 @(s Jds"ds',

where f(s) = log (fQ eutsidy/ fQ e“dx). Since by Schwarz’ inequality we have

d2f _ 1 u+sv, 2 u+sv u+sv 2
M(s)—ww(/ﬂe vdx~/ﬂe dac—(/ﬂe vdx))ZO,

the desired estimate follows.
ii) For any v € H with |[v||g < 1, observing that

(3.7)

1
/ etdz > 1, ol < —[lvllm < 1,
Q 2’/T

we have

<dElL(u)ﬂv> - <dEV(u)ﬂ'U>
— (v — Joetvda _ 2vdr - | v2de)
= u)iQ <l \(/Q d /Q dz)

A —u2
< |u—l( / eda)'/? < e |u - v)( / T dr) ',

where we used that
2 2 C
@ el O
fullzy 4 fullz, 4w

The claim now follows from the Trudinger-Moser inequality (3.2). O

2
2u| < 4m

Continuing with the proof of Proposition we now construct a special (bounded)
Palais-Smale sequence (u,,) for E, at the energy level ¢,,. Set C1 = 2(¢,+1+p(a+1)
with a = —¢), + 3 as before (3.5) in the first part of the proof above.
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Lemma 3.7. There ezists a sequence (uy,) in H such that E,,(uy,) — ¢, dE,(u,) —
0 in H* as n — oo, and such that, in addition, ||u,||% < Cy for allm € N.

Proof. Otherwise, there exists § > 0 such that ||dE,(u)| g+ > 26 for all u € H with
lull3, < Ci and |E,(u) — ¢,| < 26. With pu, | p as above, we may assume that
afpn, — p) < 0 for n > ny.

Choose a function ¢ € C*°(R) such that 0 < ¢ < 1, ¢(s) = 1 for s > —1,
(s) =0 for s < —2, and for n € N, u € H let 1, (u) = w(%)

Choose 7, € P satisfying and define

dE (v )]+
where we identify dE,,(u) with the gradient vector VE,, (u) € H satisfying

dE,, (u)(VE,(w)) = [|dEu (v () = [V E, (v (8) 17

Note that (3.5) holds true for any u = v,(t,) with E, (u) > c,, — 2(pn — 1),
and hence valid for such u if n > ng. Moreover, also implies that we
have |E,,(u) — c,| < 20 and thus by our assumption ||[dE,(u)| g+ > 20 for such u.

By and Lemma |3.6ii), for such u and sufficiently large n > ng we also
obtain

(dEy, (u), dE,(u)) = HdEu(u)”%{* —(dEu(u) — dE,, (u),dE} (u))
> LBl 1 1B () — d, ()
> B ()~ Ol — pal? 2 FIE W) - > 5
Thus, by Lemma i), for such u = 7, (t,), letting @ = 7,,(t), for n > ng we have
By (@) < By, () = 1m0 () | w) - + 5 lon — ()

< By (1) = Vi = o () < By, (),

and we can estimate

in = 008 P GO = 95—y P )
< max By, (n(0) — 3 Vi = < o, Bulon(0) — 3 viin 7
SC#"‘(Mn_M)_gm
< 0l — 1) GV <
for n > ng, giving the desired contradiction. (Il

Proof of Proposition[3.5 Let (u,) be a sequence as determined in Lemma We
may assume that u, — u weakly in H as n — oo, and e*» — e* in L?. Thus, with
error o(1) — 0 as n — oo we have

o(1) = (dBEy(un), un — u) = |lun, — ull7 — o(1).
The claim follows. O
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4. STEADY VORTEX RINGS IN AN IDEAL FLUID

Introducing a stream function ¥, axisymmetric vortex rings in an ideal fluid may
be obtained from a cylindrically symmetric solution u = wu(r, z) of the nonlinear
elliptic equation

(4.1) —Au=g(r*u—r*—k) on R®
with boundary condition
(4.2) u(zr) = 0 as |z| — .

Here, for © = (2;)1<i<s = (&', x5) we set r = |2'|, 2 = x5; moreover, k > 0 is a flux
constant and g: R — [0, oo[ satisfies g(s) = 0 for s < 0 and is bounded, continuous,
non-decreasing, and positive ]0,0o0[. A solution u to induces an axisymmetric
vortex solution of the Euler equations with stream function

U(X) = r?u(r, z)—r’>—k, where now X = (X1,...,X3) € R3, r? = X2+ X2 2 = X3,
and with vortex core
A={X eR* V(X)) >0} ={(r2); ulr,z) > 1+k/r*};
see [I].
From [I] we then have the following result.

Theorem 4.1. For any g as above with g(0) > 0 there exists a solution u > 0 of

(4.1), (4.2) with non-empty vortex core.

The proof is carried out by solving an approximate boundary value problem,
and subtly using monotonicity to extract a limit. For simplicity throughout the
following we will assume that g(0) = 0 and that g is smooth on all of R.

4.1. The approximate problem. For R > 0 let Bg = {z € R%; |z| < R}. Tt is
natural to approximate problem (4.1)), (4.2) with the boundary value problem

(4.3) — Au=g(r*u—1r*>—k) on Bg, u=0 on dBg.
Problem (4.3) has a variational structure. Let

G(r,u) = / g(r’s —r? — k)ds
0

be a primitive of g and for any R > 0 define

1
Egr(u) = 5/B |Vu|*de — : G(r,u)dx, u € H}(Bgr).
R R

In fact, since we are looking for cylindrically symmetric functions v = u(r, z) we
restrict our attention to functions in

H=HR)={uce H&(BR); u=u(r,z)}
For convenience, denote
||u||§{ = / |Vu|2dx, Jr(u) = / G(r,u)dzx
Br Br
so that L
Brw) = 3 Jully = Jnw), w € H(R).

Extending any u € H(R) by setting u = 0 outside Bg, for any R’ > R we also have
u € H(R/) with ER/(U) = ER(U)
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Recall that we assume 0 < g € C*°(IR) is non-decreasing and bounded with
g(s) =0< g(t) forany s <0<t
Note the following elementary facts.

Lemma 4.2. Suppose g satisfies the above. Then there are constants p >0, a > 0
independent of R > 0 such that the following holds.

i) For any R > 0 the functional Eg is bounded from below, weakly lower semi-
continuous and coercive on H = H(R);

it) for any R > 0 the function u = 0 is a strict relative minimizer of Er on
H = H(R), and we have

Er(u) > a for any u € H with ||u|g = p;

iii) there is Ry > 0 and uy; € H(Rg) such that for any R > Ry we have Er(uy) =
Eg,(u1) < 0. Moreover,

inf{Er(u); v € H(R)} - —oc0 as R — oc.

Proof. i) This is immediate from the fact that g by assumption is smooth and
bounded.

ii) Since g is bounded and non-decreasing in u, and since g(r,u) = 0 whenever
r2u < r2+Fk, by Sobolev’s embedding H(R) ¢ H'(R%) — L'°/3(R%) we can bound

/ G(r,u)dx §/ g(r*u—1?* — k)udzr < ||g||Loo/ udz
Br

Br {z€BRr;u(xz)>1}
10/3
< gl / ] 3dz < Cllu] 2.
Br
Claim ii) follows.

iii) Fix a function 0 < ¢ € H(1) with Ji(¢)) > 0. For any R > 1, scaling
Yr(z) =¢(z/R) € H(R), we have

(4.4) 1Rl ) = B I )

Moreover, by monotonicity of g, upon changing variables y = /R = (v, y°),
s=1y'| =r/R, for any R > 1 we obtain

Yr(x)
Tn(r) = /B / g(r2(t — 1) — k)dt da
(4.5) / /wm) V2t = 1) — k)dt da
Br

_ /BR G(E ¢(R))dx— R°Jy ().

Hence as R — oo we find

R3
Er(Yr) < 7”1/’”1%1(1) — R*Ji(¢h1) — oo,
which gives iii). O

Since we assumed g to be smooth, the functional Er for any R > 0 is Fréchet
differentiable and we have the following equivalence.

Lemma 4.3. A function v € H(R)\ {0} is a critical point of Eg if and only if u is
a positive solution of ([4.3) with non-empty vortex core {(r, z); u(r,z) > 1+ k/r?}.
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Proof. We have dEg(u) = 0 if and only if there holds

0= (dER(u),v) = /B (VuVo — g(r’u — r* — k)v)dz

= 7/ (Au+g(r*u—1r? —k))vdz for any v € H(R).
Br

But for u € H(R) also Au+ g(r?u—r? — k) is cylindrically symmetric; so u in fact
weakly solves (4.3)).

Since g > 0 is smooth and bounded, standard elliptic regularity results then
give u € C?(Bg). Thus, either g(r?u — r> — k) = 0 so that u = 0, or we have

g(r?u —r? — k) # 0 and u > 0 by the maximum principle, and conversely. (I

Moreover, ER satisfies the Palais-Smale condition.

Lemma 4.4. Suppose that (ug)ren C H(R) satisfies
|ER(uk)| < C, ||dER(uk)HH* —0 as k — oo.
Then a subsequence uy — u in H, where dEg(u) = 0.

Proof. This follows directly from the fact that Eg is coercive on H(R), observing
that dJg is compact. O

Proposition 4.5. Suppose g is as above. Then for for any R > Ry, where Ry >
0 is as in Lemma m), there exist at least two distinct positive, cylindrically
symmetric solution ug,vr € H(R) of (4.3)), satisfying

Egr(vg) = inf{Egr(v); ve H(R)} <0,

Er(ug) = inf sup Egr(p(t)) >0,
peT(R) 0<t<1

where
I(R) = {p e C°([0,1]; H(R)); p(0) =0, p(1) = u1}.

Proof. By Lemma i) the functional E'r attains a minimum at some point vy €
H(R), and Er(vg) <0 for R > Ry by Lemma [4.2]iii).

In view of Lemma and taking account of Lemma [4.2]ii) and iii), we can
apply the “mountain pass” theorem to obtain a further critical point ug € H(R)
of Eg, characterized as in the statement of the theorem. By Lemma [4.2}ii) we have
Egr(ug) > 0; thus ug # 0, and in fact ug > 0 by Lemma O

4.2. Passing to the limit. In view of the fact that

Er(vg) = inf{Er(v); ve H(R)} - —x as R —
by Lemmal4.2]iii) we cannot hope to extract a convergent subsequence from (vg)r>1.
However, we will see that with the help of monotonicity we can show boundedness
of ug for suitable R — oo.

For this we need to take a closer look at how we constructed ugr. Recall that
from Proposition for any R > Rg we have Er(ugr) = v(R), where

v(R) = inf max{Eg(p(t)); 0<t<1},
pel(R)

I'(R) = {p € C°([0,1]; H(R)); p(0) = 0, p(1) = u1}.

Also recall that for Ry < R < R’ < 0o we may regard H(R) C H(R’), and hence
also I'(R) C T'(R'). Thus, we have y(R) > v(R’) for any such Ry < R < R’ < o0,
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and the function R — 7(R) is non-increasing and therefore differentiable at almost
every point R < oo with

> d
| | IR < (o) ~ limint 4 (B) < (Ro) < oc.
RU dR R— o0
As a consequence, we may conclude that for suitable Ry — oo there holds
d
Rl —
K Pl

For 0 < s € R and u € H(R) by slight abuse of notation set us(z) = u(z/s) €
H(sR) (not to be confused with the mini-max solution ug of (4.3))). Clearly, the
map H(R) 3 u+ us = u(-/s) € H(sR) defined in this way is an isomorphism.

Note that for Ry < R < oo and s > 0 sufficiently close to 1 we have

Er(ui(z/o)) <0foralls<o <1, if s<1, orforalll <o <s, else.

(Ri)| = 0 as k — oc.

Hence for such s < 1 any path p € I'(R) after scaling may be completed to a path
q =: ps € T'(sR) given by q(t) = (p(t/s))s for 0 < t < s and ¢(t) = (uy) for
s <t <1, and there holds

(4.6) YR = inf max{En(ps(t): 0< ¢ < 1}

We use this to prove the following result.

Proposition 4.6. Suppose that the function R — ~v(R) is differentiable at some
R > Ry. Then there is a solution u = ugr of {.3) with Eg(ur) = v(R) and
satisfying

d
lurlfir) < 6(v(R) + RlZ5y(R)| +3).
Proof. i) By (4.6) for any € > 0 and any s < 1 sufficiently close to 1 there exists
p € I'(R) such that
(4.7) max F,g(ps(t)) < v(sR) +e(1 — s°).

0<t<1

Let u = p(t) be any function on p satisfying

(4.8) Er(u) > v(R) — (1 — s°).
Then together with we have
(4.9) Eyr(us) — Ep(u) < v(sR) — v(R) 4 22(1 — s°).

But with t = 1/s > 1, observing that u = (us)¢, from (4.4) and (4.5) we obtain

usllZromy = 81l my: Tar(us) < 5" Tr(u)

so that
g9 5 — g2
W(H%H%(s}%) - ||U||§1(R)) = 1_785”“5“?{@3)’
5
s
1— 45 (‘]R<u) - (JSR(U’S)) > JsR(us)
and thus

5 ~sR\Us R 2
s 1 _ 45 2 JSR(U’S) - TOHUSHH(SR)’
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where we note that

s° — s2 2+ 5% 4 st 3

= — > R
1-—s° 1+ s+ 52+ 33+ st 5
for 0 < s < 1. For any p € I'(R), any u = p(t) satisfying (4.7) and (4.8]) thus we
obtain

1 3
gHuSH%I(sR) = Esp(us) + Jor(us) — TOHUSH?{(SR)

5 Esr(us) — Eg(u) 5V(sR) —v(R)

< Esr(us) +s +e(1+s%).

<~4(sR) + s

1—65 1—s5
Now for any s < 1 sufficiently close to 1 we can bound
oy ¢ SRRy AR ) gy )
therefore for any such s and u = p(t) as above we have
3
Sl = gl oy < 7R + | R+ 32

In particular, for e = 1 and s < 1 sufficiently close to 1 and any such u we find the
bound

(4.10) ullf < 6(v(R +m |+$

ii) Next we show that for ¢ = 1 we can construct a Palais-Smale sequence of
functions uy in H = H(R) with Er(ux) — v(R) and dEgr(ug) — 0 as k — oo, and
satisfying the bound |Jug| g < co + 2 for all k € N.

Arguing by contradiction, suppose that there is § > 0 such that for any u in the
set

Us = {u € H(R); |lullg < co+2, |Er(u) —v(R)| < 26}
there holds
ldER(w)|| g+ > 46.
Also let
Ui ={ue HR); ||lullg <co+1, |[Er(u) —v(R)| < d}.

Let 11 € C°(H) be a Lipschitz continuous cut-off function satisfying 0 < ¢ < 1,
P1(u) =1 for w € H with |Jullg < co + 1, ¥1(u) =0, if ||ullg > co + 2. Also let
Ya(u) = Y(Er(u) —v(R)), where ¢ € C°(R) with 0 <3 < 1 satisfies ¢(s) =1 for
|s| < 8, 1(s) =0 for |s| > 20, and set

Yo(u) = 1 (u)ia(u).

Finally, let v = v(u) be a Lipschitz continuous pseudo-gradient vector field for
Er in Us with

1
ol < 1, (dEg(u),v(u)) > §HdER(u)||H > 26, u € Us,

as constructed for instance in [15], [16], or [22], Section I1.3, and let ® € C°(H x
[0,1]; H) be the corresponding flow with

Db, 1) = wo(@(un, 1))0(B(, 1)), B(u,0) =
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Then for any u € H the map ¢t — Er(®(u,t)) is non-increasing, and

(4.11) %ER@(u,t)) — (dER(D(u, 1)), 0(®(u, 1)) < —20 if B(u,t) € U;.

Note that for 0 < ¢ < 1 and any u we have ||®(u,t) — ul|g < 1. In particular, given
any v with ||u||g < ¢o and Er(u) < y(R) + 9, for any 0 < ¢t < 1 either there holds
®(u,t) € Uf, or Ep(®(u,t)) < y(R) — 6. Thus, by in any case when setting
U(u) = ®(u,1) for such u we find

(4.12) Er(¥(u)) <7(R) - .

Now choose p € T'(R) satisfying (4.7) with ¢ = 1 and consider any u = p(t)
satisfying (4.8) and thus, by (4.10)), also satisfying ||u||g < ¢o if we choose s < 1
sufficiently close to 1. Note that in view of (4.4)), (4.5) for any such v and s we

have
1 2 5 2 5
Esp(us) = S llusllirsry — Jsr(us) = S llullgry — " Jr(w)
(4.13) 2 s 2
— 5
= Ep(u) — TIIUII?ﬂR) + (1= 8°)Jr(u) > Eg(u) — Co(1 — s

).
with a uniform constant Cy > 0. Thus by (4.7) for such u there also holds Fr(u) <
v(R) + § and hence |Er(u) —y(R)| < § by (4.8). But then for p = Wop € I'(R) by
(4.11) we have

S Er(p(t)) < ~v(R) -9,

contradicting the definition of v(R).

iii) To complete the proof of the proposition it now suffices to recall that the
functional Er satisfies the Palais-Smale condition. Thus, a subsequence u; — u €
H, where u is a solution of with ||ul|g < co. O

Proof of Theorem[/.1. For suitable R = Ry — oo we have v(R;) — 70 < 00,
Ri7%v(R) — 0 as k — oo and there holds the uniform bound [juy|lg < ¢
for up, = ug,. Thus, there exists a sub-sequence k — oo such that u; — u in
H'(R?) — L'%3(R%) and almost everywhere. It is then straightforward to pass to
the limit £k — oo in the equation

0= / (Vur, Vo — g(r*uy — r? — k)v)dz for any v € C2°(R”)
Br

for R = Ry, to see that u solves (4.1), (4.2)) in the sense of distributions. By elliptic
regularity u then also solves (4.1) classically. |

5. CONFORMAL METRICS OF PRESCRIBED (GAUSS CURVATURE

Finally, following [4], we use the “monotonicity trick” to find “large” conformal
metrics of prescribed Gauss curvature and with bounded total curvature on surfaces
of higher genus.

Let (M, go) be a closed Riemann surface (M, go) of genus v(M) > 1. By the
uniformization theorem we may assume that go has constant Gauss curvature Ky, =
ko. Finally, we normalize the volume of (M, go) to unity.

Recall that the Gauss curvature of a conformal metric g = e?“gy on M is given
by the equation

K, =e 2"(=Agu+ ko) .



THE MONOTONICITY TRICK 15

For a given function f on M the question of finding a conformal metric of prescribed
Gauss curvature f then amounts to solving the equation

(5.1) — Ay u+ ko= fe* on M.

The problem is variational; solutions u of (5.1) can be characterized as critical
points of the functional

1

E¢(u) = 3 /M (|Vu|30 + 2kou — fe**) dug,, u€ H (M, go) .

Note that E is strictly convex and coercive on H'(M, go) when f < 0 does not
vanish identically.

Let fo be a smooth, non-constant function with max,ens fo(p) = 0, all of whose
maximum points are non-degenerate. By the above the functional Fy, admits a
unique critical point ug € H*(M, go), which is a strict absolute minimizer of Ey, .

In addition, the second variation d>Ey,(ug) of Ey, at ug is non-degenerate; in
fact, the following general result was shown in [4].

Theorem 5.1. Let (M, go) be closed with v(M) > 1, and suppose that for some
[ € C(M) the functional Ey admits a relative minimizer uy € H'(M, go). Then
uy is a non-degenerate critical point of Ey in the sense that with a constant co > 0
there holds

(5.2) d*Eg(ug)(h,h) = /M (IVhI5, —2fe*7 h?) dug, > col [B|[3
for all h € HY(M, go).

With the help of the implicit function theorem, from Theorem we conclude
that also for certain sign-changing functions f the corresponding functional E
admits a relative minimizer uy. In particular, for any given smooth, non-constant
function fy < 0 as above, letting f\ = fo + A for A € R, from Theorem we
deduce the existence of relative minimizers uy of Ey = Ej, for sufficiently small
A> 0.

Observe that for functions f with maxys f > 0 the functional E¢ is no longer
bounded from below, as can be seen by choosing a comparison function v > 0
supported in the set where f > 0 and looking at E(sv) for large s > 0. Therefore,
and in view of Theorem [5.1} whenever F; admits a relative minimizer there is a
“mountain pass” geometry and one may expect the existence of a further critical
point of saddle-type.

In fact, in the case of the above functionals F, the existence of a further critical
point v # wuy of Ey for sufficiently small A > 0 was shown by Ding-Liu [g].
Improving the Ding-Liu result, in [4] we use the “monotonicity trick” to find a
sequence )\, | 0 with corresponding saddle-type (“large”) solutions u, = u*" of
inducing conformal metrics g,, = e?“ gg of uniformly bounded total curvature.

Theorem 5.2. For any smooth, non-constant function fo < 0 = maxpenm fo(p)
consider the family of functions fx = fo+ A, A € R, and the associated family
of functionals Ex(u) = Ey, (u) on H' (M, go). There exists a constant C > 0, a
sequence Ay, | 0, and corresponding solutions w, = u # uy, of of “mountain
pass” type inducing conformal metrics g, = €% gy of total curvature

(5. [ 1l < [ (ol + e d < € < .
M M
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uniformly in n € N.

The bound allows to analyze the blow-up limit of the “large” solutions
u, = u*. In [4] a first characterization of blow-up limits near a non-degenerate
maximum point of the function fy was achieved; in fact, with a refined analysis in
[23] it was shown that any blow-up limit in this case is spherical. Very recent work
by Mingxiang Li [T1] shows that this characterization of blow-up limits also holds

true in the degenerate case.

5.1. Existence of saddle-type critical point. Given f; as above recall that
there is A9 > 0 such that for any A € Ay =|0, \g] the functional E admits a strict
relative minimizer uy € H'(M, go), depending smoothly on . In particular, as
A | 0 we have smooth convergence uy — ug, the unique solution of for f = fo.
Hence, after replacing A\g with a smaller number \g > 0, if necessary, we can find
p > 0 such that there holds

Ey(uy) = inf Ex(u) < sup E,(uy)
H“_UOHHI <p n,vENg
(5.4) |
< Bo = inf E,(u),

wEAo; p/2<|lu—uo|| g1 <p

uniformly for all A € Ag. Clearly, we may assume that Ay < 1. Fix some number
A € Ag. Recalling that for A > 0 the functional E) is unbounded from below, we
can also fix a function vy € H'(M, go) such that

E)\('U)\) < E,\(U)\)

and hence

(5.5) ey = Z}gl{, Jnax Ex(p(t)) > Bo > Ex(ux),

where

(5.6) P={peC([0,1];H (M, g)) : p(0) =uo, p(1) =vr}.

Note that since uy — ug for A | 0, for sufficiently small Ag > 0 we can fix the initial
point of comparison paths p € P to be ug instead of uy for all 0 < A < Ag.

Next we show that we can choose vy depending contiuously on A with an explicit
estimate of the mountain-pass energy level c) associated with P.

Lemma 5.3. For any K > 4w there is Ag €]0, No/2] such that for any 0 < X\ < Ak
there is vy € HY(M,go) so that choosing v, = vy for every p € [A,2)] there holds

Ey(vu) = Eu(on) < Ep(uy)

and with P as in (5.6) the number c,, is unambiguously defined (that is, c,, is inde-
pendent of A such that v € [X,2)]); moreover, we obtain the bound c¢,, < Klog(2/p).

Proof. Let pg € M be such that fo(pg) = 0. Choose local conformal coordinates x
near pg = 0 such that 2“0 gy = e2“ gR> for some smooth function vy with vo(0) = 0.
Letting A = $Hessy(po), for a suitable constant L > 0 we have

fo(z) = (Az,2) + O(|z") = =A/2 on B 5,,,(0),
and fx = A/2 on B /5, (0).
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Set wy(z) = 2x(Lxz/VN) for |z| < VA/L, where z\, € H}(B1(0)) is given by
zx(x) = log(1/|z|) for A < |z| < 1 and z)(z) = log(1/A) for |z] < A. Extending
wa(z) = 0 outside B 5/, (0) we have

IVwallze = [[V2lz2 = 2w log(1/A).
Moreover, for sufficiently small A > 0 and any s > 0 we obtain

A
| peoreeduy, = o [ gy, ol [ d,
M B x,.(0) M

)\ sw
1), el
B x,1(0)

where after substituting y = La/ VA we have

A e2swkdx — / 62(5z>\+log()\/L))dy
B x,(0) B1(0)

> / 62(sz>‘+10g()\/L))d$ — 7TL_2)\4_2S.
Bx(0)

Given any K > 4w, we let Ky = %(K +4m), § = % and use Young’s
inequality 2ab < da? + b2 /5 for a,b > 0 to bound

K152
47
where C' = C(ug, K) > 0. Since kg < 0, wy > 0, for any s > 0 we also have

/ ko(uo + swy)dpg, < k:g/ Uod g, -
M M

Thus, with a constant Cy = Co(uo, fo, K) > 0 for any s > 0 we find

1
IV (uo + swr)[[7> < (1+8)s*|[VwallZ> + (1 + 5)\|VU0|\2L2 = [Vwallze +C,

82 e _
Ey(ug + swy) < KlZ log(1/\) — 8?>\4 25 1 0.

In particular, for any 0 < A < 1 we have E)(up + swy) — —o0 as s — oo and
we may fix some sy > 2 with vy = ug + s)w) satisfying

Eyx(vy) < uléllfo E, (u,)

to obtain

2

S T y4-2s
cy < il;}gEA(uo + swy) < Sql>118 (Klz log(1/X) — 8?)\ + Co).

For any 0 < A < 1 the supremum in the latter quantity is achieved for some
s = s(A\) > 2, with s(A\) — 2 as A | 0. Thus, for all sufficiently small A > 0 there
results

cx < KIOg(l/A)v

as desired.
Since E,(vy) < Ex(vy) for g > X, the same comparison function vy can be used
for every p € A =]\, 2A\[C Ay, and for such p by choice of vy we obtain the bound

(6.7 Eu(vx) < Eu(uy,) <sup B, (uy) < Bo < ¢, < Klog(1/X) < Klog(2/p),
veA
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where 3y and ¢, for p € A are as defined in (5.4), (5.5). Moreover, since vy by
construction depends continuously on A with E )\(1))\) < mf neno B (u,) the number
¢, is defined independently of A such that A < pu < 2X. The claim follows. (]

Note that there holds
n—v u
(5.8) E,(u) — E,(u) = — 5 / e dpig,
M

for every u € H*(M, go) and every p,v € R. Given 0 < A < X\g/2, with A =]\, 2]
as above it follows that the function

Aspur—cy

is non-increasing in u, and therefore differentiable at almost every p € A.
We now have the following result.

Proposition 5.4. Suppose the map A > p — ¢, is differentiable at some > A.
Then there exists a sequence (pp)neN in P and a corresponding sequence of points
Up = pn(tn) € HY(M, go), n € N, such that

(5.9 E.(un) = cuy sup E,(pu(t)) — cuy dE,(un) — 0 in H™' as n — oo,
0<t<1

and with (u,) satisfying, in addition, the “entropy bound”
1 d
(5.10) 3 /M e dpg, = |@EH(U7L)’ < e, |+ 3, uniformly in n.

For the proof of Proposition we note the following lemma.

Lemma 5.5. For any m > 0 there exists a constant C' = C(M, go, fo, m) such that
for every u € HY(M, go) satisfying ||ul|gr < m the following holds.
i) For every p1, p2 € R we have

dE,, (u) = dEy, (u)|[g-+ < Clux — pal;
ii) for any |u| <1 and any v € H*(M, go) with ||v||g1 < 1 there holds
E#(u +v) < Eu(u) + <dEu(U)vU>H*1><H1 + CHUH%L
Proof. i) For any v € H'(M, go) with ||v||z1 < 1 compute

(B, (1) — dB,y (u), v) 1151 = (2 — ) /Me%dugo

1/2 2 1/2
< | —ml(/M et dpigy) o2 < qu—ml(/M T

The claim follows from the Moser-Trudinger inequality -
ii) By Taylor’s expansion, for every @ € M there exists 6(z) €]0, 1[ such that

1
B+ 0) = Bul) = (4B, ()0 = 5 [ (90l dg, = / [0 d,

1 u v
< Sl + M ulle [ 0002
M

By Holder’s inequality and Sobolev’s embedding we get

u-+0v urbv 1/2
[ gy < ([ )
M M

u v 1/4
<o [ duy [ dug) ol
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and again our claim follows from the Moser-Trudinger inequality. (]

Proof of Proposition[5.4 The following argument is similar to the reasoning in [24].

Clearly, we may assume that A\g < 1 so that |u — A\| < 1 for every p € A. Let
1 € A be a point of differentiability of ¢,. For a sequence of numbers p,, € A with
tn 4 1 as n — oo fix a sequence (py,) of paths p,, € P such that

E,(pn(t)) < I N.
max u(Pn(t)) < et (i — ), m €

For any point u = p,(t,), t, € [0,1], with
(5'11) E/l/n (u) Z C/l/n - (lu”l - M)
then by (5.8]) we have

(5:12) €~ (in = 1) < By, (1) < ) < max Bu(pa(t)) < e+ (n — ).

Letting a = —c;L + 1 > 0, for sufficiently large ng € IN and any n > ng we have
Crun 2 Cu — 05(/1” - M)'

Thus from (5.12) and (5.8) we see that

E ) 1
(5.13) OSM:7/ e dpg, < o+ 2;
Hon = {4 2J/m
that is, for all such u = p,(t,), n > ng, we already have (5.10). Jensen’s inequality
then gives the uniform bound

(5.14) 2/ udpg, < log (/ e dugo> <log(2a+4) = C(p) < 00
M M

for all such u, n > ng. Recalling that ky < 0, for all such u we thus obtain the
estimate

9l = 2B =2k | i + [ (ot e
<2E,(u)+C <2¢,+2(pp —p) +C < C,

(5.15)

with uniform constants C' = C(u) independent of n for n > ng.

In addition, since kg < 0, from (5.14) and writing (5.15) as
19l + 2k [ wdig, =280+ [ (ot e dug, <,
M M

we also obtain a uniform lower bound for the average of u, which together with

(5.13) and (b.15) implies the uniform bound
(5.16) lulfye + [ ey, <y
M

for all u = p,(t,), n > ng as above, with a uniform constant C; = Cy(u). Note
that ng is independent of the choice of (py,).

Now assume by contradiction that there is 6 > 0 such that ||dE,(u)||g-1 > 26
for sufficiently large n for every u = p,(t,) € H*(M, go) as above. By we
have the uniform bound ||u||g: < m for some number m > 0, and with the short-
hand notation || - || = || - |[|g-1, (-,-) = (-,-)m-1xm1, and again identifying dE, (u)
with the vector VE, (u) € H' such that

dE,(u)(VE,(v)) = [dE, ()|} = [V Eu (w3,
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Lemma [5.5] implies
(dBy, (w),dE,(u)) = ||dE,(w)]|* = (dEu(u) — dEy, (u), dE,(u))
(517) 2 B I ~ B () — dBy, @)I* > SlIdB, (I = Cly — po?
>26% = Clu — pnl? > 67
for any such (p,) and u = p,(t,), if n > ny for some sufficiently large ny > ng.

Choose a function ¢ € C*°(R) such that 0 < ¢ < 1 and with ¢(s) = 1 for
s> —1/2, ¢(s) =0 for s < —1. Forn € N, w € HY(M, go) let

ul) = (Bl

Note that for u = p,(t,) there holds ¢, (u) = 0 unless u satisfies (5.11)).
Identifying dE, (w) € H~" with a vector in H'(M, go) through the inner product,
for n > ny we define new comparison paths p, by letting

ﬁn<t>:::pn<t>——\/unl—-M¢n<pn<t>’n25§Z§§:fi§§n’

Writing again u = p,(t,) and likewise @& = p,,(t,) for brevity and recalling that we
have |pu—pn| < 1, we find ||u—1a||g: < 1. Hence for any u = p,, (¢,,) satisfying
by Lemma [5.5}ii) and the first line of with constants C' = C(p) independent
of u = py(t,) for sufficiently large n > n; we obtain

<t<1

&m><&x>'W@ﬁ$@wux>w<»+aM—mﬁm

< B, (0) = 5V = A 00 (0) |4 ()| + Cl1tn — ) (w)
< By, (u) = 0v/tin — pdn(u) + C(pn — p)pn(u)
< By ()~ SVin R n(w)

It follows that

Cp, < max E, (Pn(t)) < max (Eun (pn(t)) — g\/ Hn — /“bn(pn(t)))

tef0,1] te[0,1]

Since the maximum in the last inequality can only be achieved at points ¢ where
E,, (pn(t)) > cu, — (ptn — p)/2 and hence ¢y, (pn(t)) = 1, for n > ny we find

)
Cpn, < max B, (pn(t)) — *vﬂn — K

te(0,1]

< max B, (pa(t)) - Vi

< cpt (pn —p) — \/ —p
)
< e, (@ + 1) (pn — ) — o VHn — 1 < Cpy-
The contradiction proves the claim. O

Proposition 5.6. Let u be a point of differentiability for the map c,. Then the
functional E,, admits a critical point u* with energy E,(u*) = ¢, and volume
S e dpg, < 2(|e,| +3), and such that u is not a relative minimizer of E,.
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Proof. Let p be a point of differentiability for the map ¢,. Then Proposition @
guarantees the existence of a sequence (p,)nen in P and a corresponding sequence
of points u, = pn(t,) € H'(M,go), n € N, satlsfymg ) and -, and hence
also 7 as shown in the proof of Proposition Passmg to a subsequence, if
necessary, we may then assume that u, — u* weakly in H*(M, go) as n — oo for
some u* € HY(M,go). Recalling that the map H (M, go) > ¢ — e2¥ € L?(M, go)
is compact, we also may assume that e2“» — e2*" in L?(M, go).
Thus, with error o(1) — 0 as n — co we obtain

o(1) = (dEy(un), un — u?) = / (Vug, Vu, — Vu) g, dpg,
M

+ kg/ (Un, —u) dpg, — / f#e%” (un — u”) dpg,
M M
= [ Vun — Vu|[72 + o(1),

that is, u,, — u* strongly in H*(M, go) as n — co. But then we also have conver-
gence E,(u,) — E,(u*) and dE,(u,) — dE,(u") as n — oo, and u* is a critical
point for E,, at level E,,(ut) = c,.

Finally, u* cannot be a relative minimizer of F,; otherwise Theorem @ and
an estimate similar to would give a contradiction to our choice of (p,) with
SUpg<i<1 Eu(pn(t)) — ¢, as n — oo and the fact that w, = py(t,) for some
t, €10,1], n € N. O

Proof of Theorem[5.4 Together with the bound ¢, < K log(1/)) from Lemmal[5.3]
Theorem yields a sequence A, | 0 such that A,[c}\ | — 0 as n — co. Writing
the Gauss-Bonnet identity

/Wg/K%—W()

for f = fo+ A, g = €27 gy and u,, = u* from Proposition in the form

27TX(M) - / f062und,ugo = )\n/ e2und,ug0
M M
from ([5.10) we also obtain the uniform bound

/ | fole*“mdpg, < )\n/ e dpg, + C < 2X\,|c) |+ C < o0,
M M
and the total curvature bound (5.3)) follows. O
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