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ABSTRACT. Let (M, go) be a closed Riemann surface (M, go) of genus v(M) >
1 and let fo be a smooth, non-constant function with max,eas fo(p) = 0, all
of whose maximum points are non-degenerate. As shown in [12] for sufficiently

small A > 0 there exist at least two distinct conformal metrics gy = e2%*go,
A
g* = e? gy of Gauss curvature Kg, = Kgx = fo+ A, where uy is a rel-

ative minimizer of the associated variational integral and where u* # uy is
a further critical point not of minimum type. Here, by means of a more re-
fined mountain-pass technique we obtain additional estimates for the “large”
solutions u* that allow to characterize their “bubbling behavior” as X | 0.

1. INTRODUCTION

Let (M, go) be a closed, connected Riemann surface endowed with a smooth
background metric go. A classical problem in differential geometry is the question
which smooth functions f: M — R arise as the Gauss curvature K, of a conformal
metric g = e*“gg on M and to characterize the set of all such metrics with K, = f.
By the uniformization theorem we may assume that gy has constant Gauss curvature
K4, = ko. Finally, we normalize the volume of (M, go) to unity.

Recall that the Gauss curvature of a conformal metric g = e?“gy on M is given
by the equation

K, =e 2" (=Agu+ ko) .
Therefore the question concerns the set of solutions of the equation
(1.1) — Ay u+ ko = fe** .

Given a solution u of ([Il), upon integrating and using the Gauss-Bonnet theo-
rem we immediately obtain the identity

(1.2) / fdug = / kodpg, = ko = 2nx(M)
M M

where dug, = e?“dpug, is the element of area in the metric g = e*“go. In particular,
for equation (L) to admit a solution on a surface M with Euler characteristic
X (M) > 0 the function f has to be positive somewhere. Surprisingly, as was shown
by Moser [18], in the case when (M, go) is the projective plane P?R = S?/{id, —id}
the condition supgz f > 0 for a function f € C°°(S5?) satisfying f(p) = f(—p) for
all p € §? also is sufficient for the existence of a solution u(p) = u(—p) to ([LI).
For the general case when (M, go) = (52, gs2), known as Nirenberg’s problem,
further necessary conditions have been obtained by Kazdan-Warner [15], but the
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gap between these conditions and the sufficient conditions established by Chang-
Yang [7], Chang-Liu [8], and others remains considerable, and there is little known
about the structure of the set of solutions to equation (ILI)) aside from the highly
degenerate case when f = 1.

If x(M) = 0 by the Gauss-Bonnet theorem ([[T]) cannot be solved unless f = 0, or
when f changes sign. In addition, whenever x (M) < 0, upon multiplying () with
the function e~2“ and integrating by parts we find the further necessary condition

(1'3) /M fdpg, = /M(_Ago U+ k0)6_2udﬂgo = /M(_2|vu|§o + ko)e_%dﬂgo <0,

with equality if and only if Vu = 0 and kg = 0, that is, x(M) = 0 and f = 0.
It was shown by Kazdan-Warner [14] that the combined conditions (I2) and (L3)
again are both necessary and sufficient for the existence of a solution to (II)) in the
case when x(M) = 0, but again nothing seems to be known about the structure of
the solution set.

In this paper we will focus on the case when M has genus greater than one, that
is, when x(M) < 0 (and hence kp < 0). In this case solutions u of (L)) can be
characterized as critical points of the functional

1 u
E¢(u) = 3 /M (|Vu|§0 + 2kou — fe**) dpg,, u€ H (M, go) .
Note that E; is strictly convex and coercive on H'(M, go) when f < 0 does not
vanish identically. Hence for such f the functional E; admits a unique critical
point uy € H'(M, go), which is a strict absolute minimizer of E;. Thus we have
the following classical result.

Theorem 1.1. Let (M, go) be closed with x(M) < 0, and let f € C>°(M) with
<0, f£0. Then (LI) admits a unique solution.

Our first result shows the nondegeneracy of any relative minimizer of Ey for
arbitrary f.

Theorem 1.2. Let (M, go) be closed with x(M) < 0, and suppose that for some
f € C=(M) the functional E¢ admits a relative minimizer uy € H'(M, go). Then

uy is a non-degenerate critical point of Ey in the sense that with a constant co > 0
there holds

(1.4) d*Eg(ug)(h,h) = /M (IVAl3, = 2fe*7h?) dug, > col |PlI3

for all h € HY(M, go).

As a special case this results includes a stability result of Aubin [I] for functions
f < 0. Together with Theorem [[I] and the implicit function theorem from (4]
we conclude that also for certain sign-changing functions f the corresponding func-
tional Ey admits critical points which can be characterized as relative minimizers
of Ef. In particular, for any given smooth, non-constant function f, < 0 with
mazpem fo(p) = 0, letting fr = fo + A, A € R, from Theorem we deduce the
existence of relative minimizers uy of Ey = Ef, for sufficiently small A > 0.

More precise quantitative conditions relating sup,, f and sup,,(—f) which are
sufficient for the existence of relative minimizers of Ey were established by Aubin
and Bismuth [2], [4].
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Observe that for functions f with maxys f > 0 the functional Ef is no longer
bounded from below, as can be seen by choosing a comparison function v > 0
supported in the set where f > 0 and looking at F¢(sv) for large s > 0. Therefore,
and in view of Theorem [[I] whenever E; admits a relative minimizer there is a
“mountain pass” geometry and one may expect the existence of a further critical
point of saddle-type. In fact, in the case of the above functionals Ey, Ding-Liu [12]
show the following result.

Theorem 1.3 (Ding-Liu [12]). For any smooth, non-constant function fo < 0 =
maxpenm fo(p) consider the family of functions fx = fo+ X, A € R, and the asso-
ciated family of functionals Ex(u) = Ey, (u) on HY(M, go). There exists a number
A* > 0 such that for 0 < A < X* the functional Ey admits a local minimizer uy and
a further critical point u* # uy of mountain-pass type.

Thus, uniqueness may be lost when f is sign-changing. However, the previous
result gives no information about the geometric shape of the solutions. Here we give
a new proof of the Ding-Liu result using the “monotonicity trick” from [20], [2I] in
a way similar to [23] which allows to bound the volume of the “large” solutions u*
as A} 0 suitably. We are thus able to establish the following result.

Theorem 1.4. Let fo < 0 be a smooth, non-constant function, all of whose
mazimum points py are non-degenerate with fo(po) = 0, and for A € R also let
fa=fo+ A Ex(u) = Ey, as in Theorem[I.3 above. There exist I € N, a sequence
An 1 0 and a sequence of non-minimizing critical points w, = u™ of Ey, such that
for suitable i) 30, pgf) — p&) € M with f(pfi,)) =0, 1< <1, the following
holds. _

i) We have u, — uoo smoothly locally on My = M \ {pgfo); 1<i< 1T}, and ueo
induces a complete metric goo = €= gg on My of finite total curvature K, _ = f.

it) For each 1 < i < I, either a) there holds r,(f)/\/)\n — 0 and in local conformal

coordinates x around p,(f ) = 0 we have

wy,(x) == un(r,(f):zr) — u,(0) +1log 2 = weo(x) = log (m)

smoothly locally in R?, where we, induces a spherical metric goo = €2“>~gr> of
(@)

curvature Ky = 1 on R?, or b) we have ry” = \/A,, and in local conformal

coordinates around ij.) with a constant c((,io) there holds

Wy () = un (rDz) +log(An) + ¢ = woo (2)
smoothly locally in R?, where the metric goo = €2¥>~gr> on R? has finite volume
and finite total curvature with K, (x) =1+ (Az,x), where A = %Hessf(p((fo)).

In conclusion, in case ii.a) for suitably small A > 0 there exist (at least) two

distinct conformal metrics gy = e>**go, ¢* = 2’ go of Gauss curvature K, =
K,» = fx, which differ (essentially) only by huge spherical bubbles of curvature
A attached along cusps protruding from M near certain zero points of fy. More
detailed information is given in Proposition [5.3] and Remark (5.4] below.

We thank the referee for bringing the paper [12] to our attention.

2. NONDEGENERACY AND STABILITY OF RELATIVE MINIMIZERS

Throughout the remainder of this paper we assume that (M, go) is closed with
X(M) < 0. In this section we present the proof of Theorem
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Proposition 2.1. Suppose that for some f € C*(M, go) the functional E; admits
a relative minimizer uy € H'(M, go). Then uy is a non-degenerate critical point of

E; in the sense of (L4).

For a relative minimizer uy € H'(M, go) of E; we have
(2.1) d*Eg(ug)(h,h) = /M (VA5 —2fe*™ h?) dug, >0

for all h € HY(M, go). Therefore

co:= inf d*Es(us)(h,h) > 0.
llAll 1 =1 '

The claim in Proposition 2] is equivalent to the claim that ¢y > 0. Otherwise
co = 0, and the following two lemmas will lead to a contradiction.

Lemma 2.2. If cg = 0 there exists h € H*(M, go) such that
d?Ef(ug)(h,h) =0 and |h|m = 1.

Proof. Let (hi)ren with [[hg| g1 = 1 such that d*Ey(ug)(hg, hg) — 0 as k — oo.
Since (hy) is bounded in H!, we may assume that hy — h weakly in H'(M, go) and
strongly in L? for any p < oo for some h € H'(M, go). Since uy is smooth, then
we also have convergence fe?“sh? — fe**s/h? in L', and from (2.1 it follows that

IVhilZ2 = d* By (ug)(hie, hi) + 2/ fe* hidug, — 2/ fe*“1 h2dpy,
M M
< d*E¢(uy)(h,h) + 2/ fe*“rhdug, = ||Vh|3: ask — oo .
M

Recalling that hy, — h weakly in H'(M, go) and strongly in L2, we conclude strong
convergence hy, — h in H*(M, go). The claim follows. (]

By Lemma 22 when ¢y = 0 the functional v — d>E¢(uys)(v,v) attains a mini-
mum at v = h. It follows that

d*E¢(uyp)(h,w) =0 for all w e H'(M, go);
that is, h € H*(M, go) weakly solves the equation
(2.2) — Agh=2fe*h in (M, go).
In particular then h is smooth and classically solves (22)).

Lemma 2.3. Assume co =0 and let h € HY(M, go) as determined in LemmalZ.2.
Then

d*E¢(uys)(h,h,h,h) = —8/ fe*“ 1t <0.
M
Proof. Note that h # const. Otherwise (Z2]) would yield

/ fezuj dugo =0
M

contrary to (LZ). Multiplying equation ([2.2)) by h® we get

. 1
2fe2 fh4 = —I’LBAgoh = _ZAQO (h’4) + 3|Vh|!2]0h2
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Upon integration this yields
A By (ug)(hy b hyh) = —8 / Fe2 hhdpug, = —12 / IVAI2, B2, <0,
M M
as claimed. O

Proof of Proposition[Z1l Assume by contradiction that co = 0 and let h € H' (M, go)
as determined in Lemma Using the fact that dE¢(uy) = 0 and the relation
d*E¢(uy)(h,h) = 0 we first can expand

3
Eylug +¢h) = Eg(uy) + =d Eg(us)(h. h. h) + O(").

Recalling that uy is a relative minimizer, we see that d3E(us)(h,h,h) = 0. But
then the expansion to fourth order by Lemma yields

4
Ey(uy +¢eh) = Ey(uy) + ;_4d4Ef(“f)(ha h,h,h) + O(e°) < Ey(uy)

for small € > 0, and we arrive at the desired contradiction. O

From Proposition 2-Iland the implicit function theorem the following result now
is immediate.

Proposition 2.4. Suppose that for some f € C*(M, go) the functional E; admits
a relative minimizer uy € H'(M, go). Then there exists an open neighborhood U of
[ in C°(M, go) and a smooth map U > ¢ — u, € H'(M, go) such that for every
w € U the function u, is a strict relative minimizer of E,.

3. EXISTENCE OF A SADDLE-TYPE CRITICAL POINT

For any smooth, non-constant function fo < 0 = mazpyen fo(p) consider the
family of functions f\ = fo + A\, A € R, and the associated family of functionals
Ex(u) = Ey, (u) on H'(M, go). By Proposition 24 there exists Ao > 0 such that
for any A € Ag =]0, Ag] the functional E) admits a strict relative minimizer uy €
HY(M, go), depending smoothly on \. In particular, as A | 0 we have smooth
convergence uy — ug, the unique solution of (L)) for f = fy. Hence, after replacing
Ao with a smaller number \g > 0, if necessary, we can find p > 0 such that

Ey(uy) = inf Ex(u) < sup E,(uy)
HU_UOHHl <p w,vENg
(3.1) .
< fp = inf E,(u),

wEAo; p/2<|lu—uo|| g1 <p

uniformly for all A € Ag. Clearly, we may assume that A\g < 1. Fix some number
A € Ag. Recalling that for A > 0 the functional E) is unbounded from below, we
can also fix a function vy € H'(M, go) such that

E)\(v)\) < E)\(’u,)\)

and hence

(3.2) ey = ;g; tren[gﬁ] Ex(p(t)) > Bo > Ex(ux),

where

(3.3) P={peC([0,1];H' (M, go)) : p(0) = uo, p(1) = vx}.

Note that since uy — ug for A | 0, for sufficiently small A\g > 0 we can fix the initial
point of comparison paths p € P to be ug instead of ).
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For suitable choice of vy we obtain an explicit estimate of the mountain-pass
energy level ¢y associated with P.

Lemma 3.1. For any K > 4w there is Ax €]0, A\o/2] such that for any 0 < A <
Ak there is vy € HY(M,go) so that choosing v, = vy for every u € [\, 2] the
number ¢, is unambiguously defined independent of A, and we obtain the bound
cu < Klog(2/p).

Proof. Let po € M be such that fy(pg) = 0. Choose local conformal coordinates x
near po = 0 such that e2%0 gy = 20 gR- for some smooth function vy with v (0) = 0.
Letting A = Hess(po), for a suitable constant L > 0 we have

fo(z) = (Az,z) + O(|z]*) > —\/2 on B\/X/L(O)v

and fx = A/2 on B /5, (0). Set wx(z) = zx(Laz/V)), where zy € HE(B1(0)) is
given by z)(z) = log(1/|z]) for A < |z| < 1 and z)(z) = log(1/A) for |z| < A,
satisfying

[VwallZs = [|V2all7z = 27 log(1/A).
Extending wa(x) = 0 outside B, /5, (0), for sufficiently small A > 0 and any s > 0

we obtain

A
/ f}\e2(uo+sw>\)dugo > _/ ez(uOJrsw}\)dugo - ||f0HL°°/ ezuodﬂgo
M B x,.(0) M

A
2 Z/ **Ndz — O fol e,
Bx/1(0)

where after substituting y = Lz /v/\ we have

)\/ e?s’w; dr = / eQ(SZA-HOg()\/L))dy
B x,.(0) B1(0)

S / e2(s2a 108N/ L)) 0 — 1,2 )\A—25
B (0)

Given any K > 4w, we let K1 = %(K +4m), 6 = % and use Young’s inequality
2ab < §a? + b2 /6 for a,b > 0 to bound

K182
47
where C' = C(ug, K) > 0. Since kg < 0, wy > 0, for any s > 0 we also have
/ ko(uo + swy)dpg, < ko/ Uoditg, -

M M

Thus, with a constant Cy = Cy(ug, fo, K) > 0 for any s > 0 we find

1
IV (o + swa)Z2 < (1+0)s*[[Ven7z + (1 + 5)[[Vuol|7: = IVwallZ: +C,

2
E\(ug + swy) < Klsz log(1/X) — 8—22/\4_25 + Co.
In particular, for any 0 < A < 1 we have E)(ug + swy) — —oo as s = oo and we
may fix some sy > 2 with vy = ug + s w) satisfying Ex(vy) < inf,en, Eu(uy) to
obtain

2

ex < sup Ey(ug + swy) < sup (Kls— log(1/X) —
5>0 s>0 4

™

4—2s
Y A + Co).
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For any 0 < A < 1 the supremum in the latter quantity is achieved for some
s = s(A\) > 2, with s(A\) — 2 as A | 0. Thus, for all sufficiently small A > 0 there
results

cx < Klog(1/X),

as desired. Since E,,(vy) < Ex(vy) for g > A, the same comparison function vy can
be used for every p € A :=]\, 2\[C Ap, and for such pu we obtain the bound

(3.4)  Eu(va) < Eu(uy) <supE,(uy) < o < ¢, < Klog(l/X) < Klog(2/u),
veEA

where 3y and ¢, for p € A are as defined in (B1]), (B2). Moreover, since vy by
construction depends continuously on A with Ej(vy) < inf,ca, £, (u,) the number
¢y is defined independently of A such that A < 1 < 2A. The claim follows. O

Note that there holds
(3.5) Bufu) - Bofu) = =257 [ ey,
M

for every u € H*(M, go) and every p,v € R. Given 0 < A < X\o/2, with A =]\, 2]
as above it follows that the function

Asp—cy

is non-increasing in p, and therefore differentiable at almost every p € A.
We now have the following result.

Proposition 3.2. Suppose the map A > p — ¢, is differentiable at some p > A.
Then there exists a sequence (pn)nen in P and a corresponding sequence of points
Up = pn(tn) € HY (M, go), n € N, such that

(3.6)  Eu(un) = cu, sup E,(pn(t)) = cu, dE,(un) — 0 in H ' asn — oo,
0<t<1

and with (u,) satisfying, in addition, the “entropy bound”

1 d
(3.7) 3 /M e dpg, = ’@EM(’U%)‘ < ||+ 3, uniformly in n.

For the proof of Proposition we note the following lemma.

Lemma 3.3. For any m > 0 there exists a constant C = C(M, go, fo, m) such that
i) for every p1,p2 € R and for every w € H' (M, go) satisfying ||ul| g (ary < m
there holds

||dEM1 (u) - dEHz(u)HH*1 < C'|M1 - /142| .
i) For any |p| <1, any u,v € H' (M, go) with |[v]|m1(a,g9) < 1, we have

Eyu(u+v) < Ey(u) + (dE,(u), v) g2t + Cll0l[Fn (41,60

Proof. 1) Pick v € H'(M, go) such that [|v||g1(ar,9,) < 1 and compute

(@B, (0) = Ay () a1 =z = ) [ o dy
M

“ 1/2 “ 1/2
< Iug—ull(/Me4 ditgs) " ?10l| 2 rt.g0y < |u2—u1|(/Me4 dyigy) 2.

The claim follows from the Moser-Trudinger inequality as in [6], Corollary 1.7.
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ii) By Taylor’s expansion, for every x € M there exists 6(x) €]0, 1] such that
1 u v
By ) = Bul) = (0B, (0), b = 5 [ (90 dagy = [ L0000 d,

1 .
< 5”1}”%{1(1\4@0) + ||f#||Lx, /M o2(ut0v), 2 iy, -

By Holder’s inequality and Sobolev’s embedding we get

u+0v uTrtv 1/2
g, < ([0 dug) o g
M M

U v 1/4
<o( [ a0 aug) ol an

and again our claim follows from the Moser-Trudinger inequality. (Il

Proof of Proposition[T2 The following argument is similar to the reasoning in [23].
Clearly, we may assume that A\g < 1 so that |z —A| <1 for every p € A. Let p € A
be a point of differentiability of ¢,,. For a sequence of numbers p,, € A with p, | p
as n — oo fix a sequence (p;,) of paths p, € P such that

< — .
trél[f)aﬁ] Eﬂ(pn(t)) = Cu + (Mn /1')7 neN

For any point u = p,(t,), t, € [0,1], with
(3'8) Eﬂn (U) Z cHn - (/’L”l - /’l’)
then by ([B35]) we have

(39)  cu, — (pn — ) < By, (u) < Ey(u) < trél[gﬁ] Eu(pn(t)) < e+ (pn — ).

Letting a = —CL + 1 > 0, for sufficiently large ng € N and any n > ng we have
Cp 2 Cu = pin — 1)
Thus from (B39) and ([B.5]) we see that
E —F 1
(3.10) OSM:—/ ezuduq0§a+2;
Hn — [ 2 M ’
that is, for all such u = u,,, n > ng, we already have 7). Jensen’s inequality then
gives the uniform bound

(3.11) 2/ udpg, <log (/ e dug()) <log(2a+4)=C(u) < o
M M

for all such (p,) and u = u,, n > ng. Recalling that kg < 0, for all such u = uy,,
n > ng, we now obtain the estimate

[[Vul|2: = 2E,(u) — 2k /M wdptg, + /M(fo + p)e* dpug,
<2E,(u)+C <2c,+2(pn —p) +C < C,

(3.12)

with uniform constants C' = C(u) independent of n. In addition, since kg < 0, from

writing (B12) as

[[Vu||F2 + 2ko /M udpg, = 2E,(u) + /M(fo + p)e*™ dug, < C
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we also obtain a uniform lower bound for the average of u, which together with
BI10) and (BI2) implies the uniform bound

(3.13) wmzl+[;éum@0gcl

for all w = u,, as above, n > ng, with a uniform constant C; = C1(u). Note that
ng is independent of the choice of (py,).

Now assume by contradiction that there exists 6 > 0 such that ||[dE,(u)||g-1 >
26 for sufficiently large n for every u = u, = pn(t,) € H'(M, go) as above. By
BI3)) we have the uniform bound ||u||g: < m for some number m > 0, and with
the short-hand notation || - || = || - ||g-1 Lemma B3] implies

(ABy, (u), dE(w) = ||dE, (w)|]* = (dEy(u) — dE,, (u), dE,(u))

1 1
(B.14) > Z|IdB, (W) = Sl|dBu(u) — dB,, (@) > S]dB )| = Clu —

N | =

> 26% — Clp — pn|* > 62

for any such (p,) and u, if n > n; for some sufficiently large ny > ng.
Choose a function ¢ € C*(R) such that 0 < ¢ < 1 and with ¢(s) = 1 for
s> —1/2,¢(s) =0 for s < —1. Forn € N, w € HY(M, go) let

E, (w)—c
(b’n, w) = (b Hn Hn .
() = o Frelt) =
Note that for u = p,(t,) there holds ¢, (u) = 0 unless u satisfies (B.8)).
Identifying dE, (w) € H~! with a vector in H(M, go) through the inner product,
for n > ny we define new comparison paths p, by letting

dE,(pn(t))

Pu(t) 1= pa(t) = Vit = 1 0u0uO) 75 )T

,0<t<1.

Writing again u = p, (t,) and likewise @ = p,,(t,) for brevity and recalling that we
have | — pn| < 1, we find ||u—a||g1 < 1. Hence for any u = p,(¢,,) satisfying (3.8)
by the second part of Lemma [33 and BI3]) with constants C = C(u) independent
of u = py(t,) for sufficiently large n > n; on account of (BI4) we obtain

By (i) < By, (u) —W (B, (1), B, (0) + Clytn — )62 ()
< By () — 5= i () [AB ()] + Clpn — ) ()
< By, (u) = 0vVin — pdn(u) + Cpn — 1) dp (u)
< By () = 3/l ().

It follows that

< D < —
¢un < g By, (pn(1)) < e (B, (pu(1))

V HUn — M¢n(pn(t)))

N
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Since the maximum in the last inequality can only be achieved at points ¢ where
By, (pn(1)) 2 ¢, — (pn — p)/2 and hence ¢y, (pn(t)) = 1, for n > ny we find

1)
Crn < max E,un (pn(t)) - 5 Vlin — M

te0,1]

< max B, (pa(t)) — 2 vin 7

~ telo,1]
1)
S cut (n = p) = 5VHn — p
Vin — (< Cy,-

The contradiction proves the claim. (|

S cHn + (Of + 1)(/1’71 - /’L) -

N |

Proposition 3.4. Let u be a point of differentiability for the map c,. Then the
functional E,, admits a critical point u* with energy E,(u") = ¢, and volume
Jar €2 dpg, < 2(|e,| +3), and such that u* is not a relative minimizer of E,.

Proof. Let ;1 be a point of differentiability for the map c,. Then Proposition
guarantees the existence of a sequence (p,)nen in P and a corresponding sequence
of points u, = pn(t,) € HY(M, go), n € N, satisfying (3.6) and (3.7), and hence
also (3I3)), as shown in the proof of Proposition Passing to a subsequence, if
necessary, we may then assume that u,, — u# weakly in H*(M, go) as n — oo for
some u* € H(M, go). Recalling that the map H'(M, go) > ¢ + €2? € L*(M, go)
is compact, we also may assume that e?“» — e2*" in L2(M, go).
Thus, with error o(1) — 0 as n — oo we obtain

o(1) = (dE,(un), un — u*)

- /M (Vun, vun - V’U,H)go dugO

+ kO/ (un — u") dpg, — / fue%" (wn — u") dpig,
M M
= [|[Vup, — V(|72 + o(1),

that is, u,, — u* strongly in H'(M, go) as n — oo. But then we also have conver-
gence E,(u,) = E,(u") and dE,(u,) — dE,(u") as n — oo, and u* is a critical
point for E,, at level E,(u") = c,,.

Finally, u* cannot be a relative minimizer of E,,; otherwise Theorem and
an estimate similar to () would give a contradiction to our choice of (p,) with
Supg<i<i Eu(pn(t)) — ¢, as n — oo and the fact that u, = py(t,) for some
t, €[0,1], n € N. O

4. COMPLETION

It is not difficult to also find non-minimizing critical points for the exceptional
values of 4 € A where the map ¢ — ¢, fails to be differentiable. Fix pn € A as above.
By Proposition [3.4] there is a sequence of numbers p, | g and critical points u,, of
E,, with E, (u,) = ¢, and not of minimum type for every n € N. Our aim is to
show that (u,) is relatively compact. First we note the following estimate.
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Lemma 4.1. Let f € C*°(M) and suppose u € H' (M, go) is a critical point for
the functional Er. Then with a constant C(f) depending only on || f||cr and on
(M, go) there holds

(4.1) [ i, <o,
M
Proof. Rearranging terms in ([L3]) and recalling that ko < 0, we obtain

@2) 2 [ Ve, <o [l ~ [ Fdu, < G100
M M M

Next, multiply (L)) by f2 and integrate by parts to find
/ fre* dugy, = 3/ (Vu, V), g, + ko/ 3 dug,
M M M

(4.3)
< Oo(f) /M Vlgo S ditgy + Calf).

But by Young’s inequality 2ab < §a? + 612 for all a,b,6 > 0 we can bound

1 —2u
C2(f)/ |vu|gof2 dugo < 5/ f4e2u dﬂgo +C3(f)/ |Vu|§06 2 dugo'
M M M
Our claim then follows from (£2]) and (@.3]). O

Via Jensen’s inequality, applied with the probability measure f2dpug, /|| f||%-,
from (@) for any critical point u of E; we conclude the bound

fM f2eu dugo
1£117
Given any non-constant fo € C*°(M) as in Theorem [[2] any 0 < A < Ao/2 < 1

as above, for any u € A = [\, 2)], any sequence p,, | p (n = 00), and any sequence
of critical points u,, of E,,, we then obtain the uniform bound

(1.4 [ Pudug, < 11108 ) <)

(4.5) ) s [ v 1l < CU)

for the f,, -averages of u,, n € N.
Recall the following well-known variant of the Poincaré inequality.

Lemma 4.2. There exists a uniform constant C > 0 such that for any p € A and
any u € H'(M, go) there holds

(4.6) lu— a2 < C||Vul 2.

Proof. For completeness we give the simple proof, similar, for instance, to the
proof of Theorem 1.5 in [19]. Suppose by contradiction that there is a sequence of

functions v, € H*(M, go) with 5/ = 0 for a sequence (f,) C A such that

1= llonllze = lon = 0|2 2 0l Voallz2, n € N.
Then a subsequence v, — v strongly in H*(M, go), where |[v||z2 = 1 and Vv = 0;

hence v = const = ¢y # 0, since M is connected. Moreover, we may assume that

tn — w1 and therefore ¢y = o) = lim, o0 ﬁflf“") = 0. The contradiction proves

the claim. O
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Lemma 4.3. For u, as above there exists a uniform constant C' > 0 such that
(4.7) [Vun||7z + kolltin| < 4E,, (un) + C, n € N.

Proof. In view of (L) and the Gauss-Bonnet theorem for v = w,, then we have
2F,,, (u) = /M (IVul?, 4 2kou — fe**) dug, = ||[Vul|Z2 + 2koti — 2mx (M)
= | V|22 + 2kt o) + 2ko(a — aTen)) — 2y (M)
> | Vul2: + 2koaten) — C|[Vul| 2 — C.
Also using ([@3H]) to bound
o) 2 [fgl|afee)] — O 2 Jkollal — ol — af)] —
in view of (.6l we find

1 1
By, (u) = §IIVUIIQL2 + |kollu| — C||Vul| — C > ZIIVUIliz + |kollu] — C,
and our claim follows. O

Letting u,, for suitable u,, | 1 € A be the “large” solutions u,, = u*» constructed
in Proposition B4 with E,,, (uy) = ¢y, < ¢, from Lemma 3 we obtain a uniform
bound |lu,| g < C, n € N. The same argument as in the proof of Proposition [3.4]
now yields convergence of a subsequence u,, — u* in H'(M, go) as n — oo, and by
continuity there holds dE,, (u*) = 0.

Moreover, u* cannot be a relative minimizer of E,; otherwise, by Theorem
the function u# would be a strict relative minimizer of E, in the sense of (L4,
and by continuity for sufficiently large n € N also w,, would be a strict relative
minimizer of E,, , contrary to assumption. Thus, in particular, u* # u,.

5. PROOF OoF THEOREM [I.4]

In order to characterize the “large” solutions u* geometrically one would like to
apply the results of Brezis-Merle [5], Li-Shafrir [I6], or Martinazzi [17] to show that
u” blows up in a “round bubble” as A | 0 suitably. However, the results in [5] and
[16] cannot be applied in the case when fy changes sign, as in our case. Moreover,
all the former results require a uniform bound on volume, which is not available
here. However, with the help of the bounds furnished by our existence proof we can
overcome these difficulties. First observe that by arguing as in [22], from Lemma
31l we obtain the following result.

Lemma 5.1. We have liminf,|o(u|c),|) < 4.

Proof. Assume by contradiction that for constants K > K; > 4w, pg > 0 and
almost every u €]0, pio] we have |c),| > K/u. Then for any uo > p1 > 0 we find

Ho
w2 g+ [ Ield = 6 + K oglpo/ ).
"

1

But this is impossible since by Lemma [B.1] we have ¢,, < K;log(2/p1) for all
sufficiently small pq > 0. O
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Now recall that by Proposition B4 for almost every sufficiently small 4 > 0 the
non-minimizing solution u* obtained by our method satisfies the volume bound
S e dpg, < 2|c),| + 6. Writing again A instead of p1, we then have a sequence of

“large” solutions u, = u** of (L)) for f, = fo + A\, with A, | 0, satisfying

(5.1) lim sup ()\n/ e dyig, ) < 8.
M

n—00

Writing the Gauss-Bonnet identity (2] in the form

27TX(M)_/ f0€2und'ug0 :)\n/ e2und:u90
M M

from (5J) we also obtain the uniform bound

(5.2) sup [ (1ol + An)e®™ dpy, < .
neN J M

As shown by Ding-Liu [12], p. 1063 f., there exists Cy > 0 such that u, > —Cj
for all n. Moreover, their proof of [12], Lemma 2, gives the uniform local bound

(5.3) /Q (Va2 + [ [2)dpgy < C(),

where sT = max{s,0}, s € R, for any domain Q C M whose closure is contained
in M~ ={p e M; fo(p) < 0}; see also the Appendix.

It then also follows that u, < C'(Q) for any such domain. To see this, fix a
ball B C B € M~. Since (u)) is H'-bounded on B, by the Moser-Trudinger
inequality (see Corollary 1.7 of [6]) the sequence (fne*'n) is L2?-bounded on B.
Letting v, € H> N Hg(B) be the unique solution of the auxiliary problem

—Agovn + ko = fne2“" on B, v, =0 on 0B,

then (v,,) is bounded in H?(B), and hence |v,| < C by Sobolev’s embedding. The
function w,, = u,, — v, is harmonic on B. Since (u;) is H'-bounded, the uniform
bound |v,| < C together with the mean value theorem for harmonic functions
then shows that w,,, and hence w,, is locally uniformly bounded from above in the
interior of B.

Thus, if a subsequence (u,,) blows up near a point py € M in the sense that for
every r > 0 there holds supg_(,,) [un| — 00, necessarily fo(po) = 0 and there exist
points p, — po such that u,(pn) = Sup,cp, (o) Un(p) for some r > 0.

Let po be such a blow-up point for a subsequence (u,,). Introducing local isother-
mal coordinates x on B,(pg) near pg = 0, we have go = €2 g2 for some smooth
function vg. From (u,) we then obtain a sequence v,, = u,, + vg of solutions to

(5.4) — Av, = (fo(z) + A\y)e** on Br(0)
for some R > 0 and there is a sequence z,, — 0 such that

Un(Zn) = sup v,(z) = oo.
|z|<R

In particular, we have Awv,(2,) < 0; hence fo(z,,) + Ap > 0, which implies
(5.5) |z,]? < O\,

for some constant C' > 0.
As final preparation for the proof of Theorem [I.4] note that the arguments of
Brezis-Merle [5] give the following result.
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Lemma 5.2. For any r > 0 there holds

lim sup/ (fo+ M) Te?mdr > 2.
B (0)

n—00

Proof. Suppose by contradiction that for some r > 0 on B = B,.(0) there holds

(5.6) lim sup/ (fo + M) Te?ndr = a < 2.
n—oo B
Split v, = v7(10) + ’l),(:r) + v(f), where Av,(zo) = 0 in B with v7(10) = v, on 0B, and

where v\ € HY(B) solve

—Av) = (fo+ Ap)Fe? on B.

Then from (5.6]) and [5], Theorem 1, we have the uniform bound ||62U£L+) ey < C
for any 1 < p < 27/a. Moreover, by the maximum principle and the locally uniform
bounds for (u,) on M~ we have |U,(,O)| < supgg |[vn| < C(r) < o0, oS <0 B.
Therefore e2» < Ce2%” € LP(B) for any 1 < p < 27/« with uniform bounds.
Fixing p = w/a+1/2 > 1, from elliptic regularity theory we then obtain a uniform
bound for (v,) in W2P(B) < C°(B), contrary to our assumption that (v, ) blows
up near x = 0. (|

Choose a subsequence (u,) blowing up at the points pf,i), 1 <i< I In view
of the locally uniform bounds for (u,) on M~ a further subsequence u, — s

smoothly locally on Mo, = M\ {p&); 1 <i < I}. Moreover, from (52) we have a
uniform global L'-bound for (—Agyuy),. Therefore, we may assume that we also
have wu,, — s weakly in WHP(M) for any p < 2, and u, solves the equation

I
(5.7) — Agytioe + ko = foe™= + Y 2ma;6 ) on M
i=1
in the distribution sense, where on account of LemmaB.2we have a; > 1,1 <17 < I.
Finally, we may then also assume that u,, — us pointwise almost everywhere and
from (52) and Fatou’s lemma we obtain the bound

68 [ ke du, < timsip [ (1] A)e dig, <o
M n—oo JM

Proposition 5.3. There holds a; € {1,2}, 1 < i < I, and the metric go, = e*“<gq
on My is complete.

Proof. By (57, (58) in a local conformal chart around each P2 =0 for vee (x) =
Uoo () + vo(x) we have v (2) = a;1log(1/]x]) + weo(x), Where

(5.9) — Awg = foe?'>= € L.

Invoking again [5], Theorem 1, given any p < oo, on a sufficiently small ball B
around z = 0 we have e?l“~| € LP(B). Also using that for a suitable constant
C > 0 we have C~!z|? <|fo(z)| < Clz|* and hence that

(510) Cfl|$|2(1fai)e2woo < |f0($)|62v°° < O|I|2(1fai)62wm,

by Holder’s inequality and (5.2) for any ¢ > 1 we can estimate

Gan [T o= [ (P it a o [ o) T
B B B
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where the right hand side is finite for suitably small B. Thus, we conclude that
a; <2,1<i<I.

If a; < 2, by (59), (GI0) for some g > 1 there holds Aws, € L%(B) on a
sufficiently small ball B around z = 0, and we, € L°°(B) by elliptic regularity. But
then for some ¢ > 0 we have e’>= > c|z|™% > c|z|~! near z = 0, and the metric
Joo = 2% gy = €2~ g, on B\ {0} is complete. Since by (58) the metric g
also has finite total curvature, from Huber [13], Theorem 10, then it follows that
a; € N. But 1 < a; < 2; hence we conclude that a; = 1, as claimed.

If a; = 2, using (B.I0) from (E9) we deduce that

—AeT2W% 4 4|V [Pem 2V = 272 Awy, = —2folz| ™ < Cla| 2.
Thus for any o > 0 there holds

(5.12)
—A(|z|¥e™?=) < Clz|* 7% — (4|2 Vws|* — 4oz - Ve + o) [z 2e ™20

But by Young’s inequality for any a,b € R we have 4ab < a? + 4b%. This allows to
estimate
4ox - Ve < o + 4|22 Vwse|?,
and from (5I2) we obtain the differential inequality
(5.13) — A(]z|*e™=) < Cla|*2

where the right hand side is in L(B) for some ¢ = ¢(«) > 1. From elliptic regularity
we then infer that |z|*e~2¥= < C. Hence for any a > 0 there is a constant A > 0
such that near = 0 we have the bound e?V= = |z|~%e?¥= > A|z|*~* and again
the metric goo on B\ {0} is complete. O

Proof of Theorem (completed). Tt remains to analyse the blow-up behavior near

each point p((fo), 1 <4 < I. Introducing local isothermal coordinates z € B = Bg(0)

around p%¥) = 0 and again letting v, (z) = un(x) + vo(x), with (x,) such that
Up (X)) = SUP|4|<R vn(z) as above, we first consider the case that \2e?»(®n) — oo,

Rescale
Wy (x) = vp (T, + rnx) — vp(xy,)
on D, = {x; |z, + rpz| < R}, where

Ti)\nezv"(m") =1.

Then 72 /A, — 0 as n — oo and w,, with w,, <0 = w, (0) satisfies the equation

—Awy, = 12 (folzn + Tnx) 4+ Ay )e2Wntvnl@n)) — pe2wn on D,
where h,(z) = fo(zn + rnx)/An +1 < 1, and
(5.14) / e?n de =\, / e’ dx < C.
B

n

Recalling (5.5) and that r2/\, — 0, for a suitable subsequence we have uniform
convergence h, — hoo to some constant limit ho, = lim, o0 fo(zn)/An +1 € [0, 1].
In view of (EI4) from [5], Theorem 1, we conclude that a subsequence w, — W
locally uniformly, where wo, < 0 = wo(0) solves the equation

—Awse = hooe®™™= on R2,
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with [, €*¥>~ dz < oo. By the Chen-Li [9] classification of all solutions to this

equation we have hoo > 0 and we, = log (m) Thus after replacing r, by

27, /v/'hoo the assertion of Theorem [[4] ii.a) follows.

We are thus left with the case when \2e2Vn(#n) < C' uniformly in n. Observe
that Lemma [5.2] also implies that 1 < CA\2e?"(#n) 5o that |v, (2,) + log(A,)| < C
in this case. Set 72 = \,, and rescale

wn(x) = ’Un(rnx) + log()‘n)
Then we have [supp_ wy,| < C. Moreover, w, satisfies the equation
—Aw, = hpe?™ on D,

where hy(x) = fo(rnx)/An +1 < 1 in view of (E5) and our choice r2 = )\, for
a suitable subsequence now uniformly converges to the limit function heo(z) =
1+ (Az,z), where A = LHess(0). As before, in view of (5.1) and (5.2) from [5],
Theorem 1, it follows that a subsequence w,, — Wy, locally smoothly on R2, where

—AWso = hooe?™> on R?,

with finite volume and finite total curvature

(5.15) / e dx < oo, / |hoole?V> dx < .
R2 R2
The proof of Theorem [[.4] is complete. O

Remark 5.4. i) Solutions of the type arising in case ii.b) were studied by Cheng-
Lin [I0]. Observe that (5I4) together with the precise characterization of h
allows to obtain a rather precise bound on |we ()| for large |z|. Let € D,, with
B = B,(x) C D, where r = |z|/2 > r¢ for some sufficiently large ro > 1 so that
for some C' > 0 we have h,, < —|z|>/C on B. Then from Jensen’s inequality we
can bound

2 1
2wp(7) < —5 / wpdz < log (—2 / ezw"dx)
mwr B ™r B
<log i |hn|62“’"daz < C —4log|x|.
lz|* /B

Coupling this observation with the results of Cheng-Lin [I0] gives strong indication
that solutions of this type can only arise as blow-up limits near blow-up points p&)
of multiplicity a; = 2, if they arise at all.

ii) Coupling the assertion (5.I)) and Lemma [5.2] we see that our sequence (uy,)
can blow up in at most I = 4 points, regardless of how many maximum points the
function fy possesses. Thus if there are more than 4 distinct maximum points p;
where f(p;) = 0, we may conjecture that E) for sufficiently small A > 0 admits
multiple non-minimizing critical points.

iii) Prompted by our work Del Pino-Romén [I1] have obtained multiple branches
of bubbling solutions to (I.T]) for f = f) as A | 0 by matched asymptotic expansion,
with the asymptotics predicted by our Theorem [[4] ii.a).
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6. APPENDIX

The proof of (53) given in [I2] contains a small mistake, which, however, can
easily be repaired, as follows. Let B,(p) C M~. Fix a smooth cut-off function
0 <t < 1 supported in B = B, /»(p) and with 1) = 1 on B, /4(p), and let n = ¢
Also let u, be a solution of (IL1]) for f, = fo+ A, as above, where A, | 0 as n — oc.

Multiplying equation (LI with n%u,} and integrating by parts, similar to [12],
formula (8), then we obtain the identity

+
(6.1) / (Vul - V(nPul) + kon*uf — fre?n 172u:{)dugo =0.
B
Note that
(6.2) Vu, - V(Pul) = [Vnuh) > — [V (u))?

(Ding-Liu mistakingly have a plus-sign on the right of this equation.) Moreover,
there exists € > 0 such that for sufficiently large n € IN we have f,, < —¢ on B.
Also bounding e?! > t3 for t > 0 like Ding-Liu, we then obtain

©3) [ (VODE + e g, < [ (V9P DR = hor g
Recalling that n = ¥? and using Young’s inequality to bound
VP () = 41V < OWuf)? < selinu) +C = zenP(f)* +C
with a constant C' = C(e, 1), and finally estimating
kot < gen () 4 C.

from (G.3) we obtain the uniform bound [|[V(nu;})|r2(s) < C. By Poincaré’s in-
equality (B.3]) then follows for large n € N. For all remaining n € N the bound
(E3) already is a consequence of Lemma B.] and Lemma (43
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