DOES THE N-CLOCK MODEL APPROXIMATE THE XY MODEL?
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1. The XY model

Spins: Physics literature:
® BEREZINSKII. Sov. Phys. JETP (1971)
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Energy: * KOSTERLITZ, THOULESS. J. Phys. C (1973)
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Relation with Ginzburg-Landau: ALICANDRO, CICALESE. Arch. Ration. Mech. Anal. (2009)
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Some literature on Ginzburg-Landau: BETHUEL, BREZIS, HELEIN Ginzburg-Landau vor-
tices (1994) | JERRARD, SONER, Calc. Var. Partial Differential Equations (2002) | SANDIER, SERFATY
Vortices in the Magnetic Ginzburg-Landau Model (2004) | ALBERTI, BALDO, ORLANDI, Indiana Univ.
Math. (2005) | ALICANDRO, PONSIGLIONE, J. Funct. Anal. (2014)

3. Extreme case N, = o (XY model) — vortices
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5. Concentration of energy on interfaces
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7. Keeping track of topological information

Vanishing vortices:
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Comparable problem in the continuum:
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Cartesian currents:

G, — T = G, + Lrx[S'] € cart(Q)xS?)

0G, = —u, X[S'] — 9T =0

e GIAQUINTA, MODICA, SOUCEK. Cartesian Currents in the Calc. of Variations (1998)

9. First-order convergence of the XY model

e ALICANDRO, DE LUCA, GARRONI, PONSIGLIONE. Arch. Ration. Mech. Anal. (2014)
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joint work with Marco Cicalese (TUM), Matthias Ruf (EPFL)

2. The N-clock model

0
Constrained spins: gl } - Sn
u: eZ*N QO — Sy, I .. U
Energy:
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Physics literature:
 FROHLICH, SPENCER. Comm. Math. Phys. (1981)

Questions:
* Variational limit of the system as N, — c0?

* Dependence of the limit on the rate N, — oo with respect to ¢ — 07?

4. Extreme case N, = 2 (Ising model) — interfaces

Codomain: S, = {(1,0),(—1,0)}
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Compactness: u. — u € {(1,0),(—1,0)}
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Limit energy:
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6. Limit in the regime ¢|loge| < 0, < 1

Assume }@ENglg(ug) < C. Then, up to a subsequence, u. — u € BV (();S').
Moreover,
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8. Limit in the regime ¢ < 6, < ¢|loge]

Assume }QEENag(ug) < C. Up to a subsequence, G,, = T = G, + Lrx[S'] €
cart((AxS'). There is an energy J(Lt) > / dgi (1=, u™)|v, |1 dH' such that
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Assume }GEENSIE(ug) — 2ntM|logely < C. Then, up to a subsequence, p,, SN U
and G, — T = G, + Ltx[S'] with 0T = —ux[S']. Moreover,
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Formal development of the energy:
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10. Limit in the regime 0, < ¢

Formal development of the energy:
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