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Abstract
We carry out an analysis of the size of the contact surface between

a Cheeger set E and its ambient space Ω ⊂ Rd.

1 Cheeger constant and Cheeger sets
The Cheeger constant is defined, for an open bounded set Ω ⊂
Rd, as

h(Ω) := inf
E⊆Ω

{
P (E)

Ld(E)

}
being P (E) the distributional perimeter of E (i.e. Hd−1(∂E)
for regular enough sets) and Ld(E) the Lebesgue measure of E.
Any set attaining

P (E)

Ld(E)
= h(Ω)

is called a Cheeger set of (for) Ω.

The Cheeger constant of a domain is linked to the first eigen-
value of the Dirichlet p-laplacian.

λp(Ω) ≥
(
h(Ω)

p

)p
, lim

p→1+
λp(Ω) = h(Ω).

(Partial) list of literature include the works of: Bucur, But-
tazzo, Caselles, Cheeger, Chambolle, Figalli, Fragalà, Kawhol,
Leonardi, Maggi, Neumayer, Novaga, Parini, Pratelli, Saracco,
Verzini, Velichkov, and many, many others...

2 Some examples

Major known properties

The free boundary ∂E∩Ω is an analytic hyper-surface with con-
stant mean curvature equal to h(Ω); Moreover

fΩ ∈ C1 ⇒ fE ∈ C1

fΩ ∈ C1,1 ⇒ fE ∈ C1,1

Ω convex ⇒ fE ∈ C1,1.

3 A natural question
When can we deduce

Hd−1(∂E ∩ ∂Ω) > 0?

Main Theorem (C., Ciani 2020). If ∂Ω has regularity of class
C1,α, for α ∈ [0, 1] then

Hd−2+α(∂E ∩ ∂Ω) > 0

for any E ⊂ Ω Cheeger set. Moreover if α = 0 then

Hd−2(∂E ∩ ∂Ω) = +∞.

In d = 2, for any α ∈ (0, 1) there exists an open bounded set Ω
with a Cheeger set E ⊂ Ω, and with ∂Ω ∈ C1,α, satisfying

Hα(∂E ∩ ∂Ω) > 0, Hs(∂E ∩ ∂Ω) = 0 for any s > α.

A (very) brief sketch of the proof
The argument relies on the following tool.
Pokrovskii’s Theorem. Let u ∈ C2(D \ γ)∩C1,α(D), D ⊂ Rd′

satisfies

−div

(
∇u(x)√

1 + |∇u(x)|2

)
= H for all x ∈ D \ γ

andHd′−1+α(γ) = 0 then u ∈ C2(D) and

−div

(
∇u(x)√

1 + |∇u(x)|2

)
= H for all x ∈ D.

Pokrovskii’s removability applies to: Constant Mean Curva-
ture equation, p-laplacian equation, and (lately) uniformly ellip-
tic equations in divergence form. But the following is actually
true.
Proposition (C., Ciani 2020). If F ∈ C0,α(D;Rd′) satisfies
ˆ
D

div(φ)Fdx =

ˆ
D

φgdx for all φ ∈ C∞c (D \ γ), −Div(F ) = g on D \ γ

and γ closed set withHd′−1+α(γ) = 0 then
ˆ
D

div(φ)Fdx =

ˆ
D

φgdx for all φ ∈ C∞c (D), −Div(F ) = g on D.

The argument in few lines

Setting

γ := {x ∈ D | (x, fE(x)) ∈ ∂E ∩ ∂Ω} ⊂ Rd−1

Then fE satisfies−div

(
∇fE(x)√

1+|∇fE(x)|2

)
= h(Ω) on D \ γ

fE ≤ fΩ on D

Consider ∂Ω ∈ C1,α and suppose that
I) Ω is not a ball;

II)Hd−2+α(∂E ∩ ∂Ω) = 0.

Pick x ∈ ∂E ∩ ∂Ω (set d′ = d− 1). Then
a.0) ∂E ∩ ∂Ω ∩Qr(x) := {(x, fE(x)), x ∈ γ};
a.1) If ∂Ω ∈ C1,α ⇒ ∂E ∈ C1,α around x ∈ ∂E ∩ ∂Ω;

b)Hd′−1+α(γ) ≤ CHd−2+α(∂E ∩ ∂Ω) = 0 and−div

(
∇fE(x)√

1+|∇fE(x)|2

)
= h(Ω) on D \ γ

Hd′−1+α(γ) = 0, fE ∈ C1,α(D)

c) Pokrovskii’s Theorem implies

−div

(
∇fE(x)√

1 + |∇fE(x)|2

)
= h(Ω) on D

and thus ∂E has constant mean curvature equal to h.
d) Alexandrov’s Theorem (revised): E is a ball and thus Ω is a

ball. Contradiction: we assumed Ω 6= B.
Theorem : Hd−2+α(∂E ∩ ∂Ω) > 0.

Sharpness in d = 2

D = (0, 1) and Cn Cantor type construction;

sn(t) :=
1

L2(Cn)

ˆ t

0
χCn(r)dr

un(t) :=

ˆ t

0

(sn(r)−Hr)√
1− (sn(r)−Hr)2

dr,


−
(

u′n(t)√
1+|u′n(t)|2

)′
= H, on D \ Cn

un ∈ C1,α(D) ∩ C∞(D \ Cn)

γ :=
⋂
n∈N

Cn,

un→ u,
dimH(γ) = α,
Hα(γ) > 0

By playing with the construction of Cn any α ∈ (0, 1) can be
reached 

−
(

u′(t)√
1+|u′(t)|2

)′
= H, on D \ γ

u ∈ C1,α(D) ∩ C∞(D \ γ)
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