Contact surface of Cheeger sets
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Abstract
We carry out an analysis of the size of the contact surface between

a Cheeger set I and its ambient space () C R

1 Cheeger constant and Cheeger sets

The Cheeger constant is defined, for an open bounded set {2 C

]Rd, as
P(E
h(€)) .= inf E)
ECco | LYE)
being P(E) the distributional perimeter of E (i.e. HI Y IE)

for regular enough sets) and £%(E) the Lebesgue measure of E.
Any set attaining

P(E)
LUE)
is called a Cheeger set of (for) €).

= h(Q)

The Cheeger constant of a domain 1s linked to the first eigen-
value of the Dirichlet p-laplacian.
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(Partial) list of literature include the works of: Bucur, But-
tazzo, Caselles, Cheeger, Chambolle, Figalli, Fragala, Kawhol,
Leonardi, Maggi, Neumayer, Novaga, Parini, Pratelli, Saracco,
Verzini, Velichkov, and many, many others...

lim Ay(Q) = h(Q).

p—1T

2 Some examples
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L)

N

Major known properties

The free boundary 0 £’ () is an analytic hyper-surface with con-
stant mean curvature equal to i (€2); Moreover

foeCl = fpect
foectt = fpe bl
(convex = fp € chl

3 A natural question

When can we deduce
HI=YOE N oQ) > 07

Main Theorem (C., Ciani 2020). If OC) has regularity of class
Cb, for a € [0, 1] then

HI2HHE N Q) > 0
for any E C () Cheeger set. Moreover if o = 0 then
HI2(OE N 09) = +oc.

Ind =2, forany a € (0, 1) there exists an open bounded set )
with a Cheeger set E C Q, and with 09 € C1%, satisfying

HYOENIQ) >0, HI(OENIN) =0 forany s > a.

A (very) brief sketch of the proof

The argument relies on the following tool.

Pokrovskii’s Theorem. Ler v € C*(D \ v)NCHY(D), D C RY
satisfies

—d1v Vulz) = or all x
d <\/1+Vu(a:)2> H forallx € D\ v

and H¥ 14 (~) = 0 then uw € C%(D) and

—div ( vu(z)
V14 [Vu(@)]?

Pokrovskii’s removability applies to: Constant Mean Curva-
ture equation, p-laplacian equation, and (lately) uniformly ellip-
tic equations in divergence form. But the following 1s actually
true.

Proposition (C., Ciani 2020). If F € C%(D;RY) satisfies

) =H forallx € D.

/ div(¢)Fdx = / ¢gdx forall p € C(D\ v), —Div(F)=gonD\~
D D
and vy closed set with Hd/_HO‘(v) = 0 then

/ div(¢)Fdx = / ¢gdx forall p € CX(D), —Div(F)=gonD.
D D

The argument in few lines

7/ D\’y/ gl D\v/

Setting
v:={z € D|(z fg(z)) € 9EN0Q} Cc R

Then fg satisfies

o V fe(z) _
div (\/1+|VfE($)|2> = h(2) on D \ v

e < fo on D

Consider 052 € C'1>% and suppose that
I) €2 1s not a ball;
) HI—2H(OE N Q) = 0.

Pick z € OE N 9N (setd’ = d — 1). Then
a.0) 0ENINNQr(x) = {(z, fp(x)), v € ~v};
a.)IfO0 e O = 9F € CL around x € OF N 99
by HE—1H0(4) < CHI2+4(HE N HQ) = 0 and

RE V fE(z) _
div (\/1+va($>2> = h(Q)) on D\ v

HI=IH(y) =0, fp € CLO(D)
¢) Pokrovskii’s Theorem implies

| Vfgp(z)
—div — h(€2) on D
(\/1+|VfE($)2> )

and thus O F has constant mean curvature equal to h.

d) Alexandrov’s Theorem (revised): F 1s a ball and thus €) is a
ball. Contradiction: we assumed €2 # B.

Theorem : H? ¥ (OF N 9Q) > 0.

Sharpness in d = 2

D = (0,1) and C), Cantor type construction;

1 t
sp(t) = /O ch(r)dr

)= e
[ ) —HD)
nlf) = /0 V1 — (sn(r) — HT)Zd ’
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/ Y= ﬂ Cn,
— 4y (1) ) =H, onD\C
/ - ) n neN
< (\/1+ uy, (1)1 Uy — 1,
dimy (7) = «
1, H\Y 9
| Un € CHYD)NC®(D\ Cy) HO(7) > 0

By playing with the construction of C), any a@ € (0, 1) can be

reached
/
. u'(t) _
<¢1+|u'<t>2) =H, onD\y

/

/"

u€ CLYD)NC>®(D \ v)
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